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Abstract

We propose a Synthetic Instrumental Variables (SIV) estimator for panel data
that combines the strengths of instrumental variables and synthetic controls to
address unmeasured confounding. We derive conditions under which SIV is con-
sistent and asymptotically normal, even when the standard IV estimator is not.
Motivated by the finite sample properties of our estimator, we introduce an en-
semble estimator that simultaneously addresses multiple sources of bias and pro-
vide a permutation-based inference procedure. We demonstrate the effectiveness
of our methods through a calibrated simulation exercise, two shift-share empirical
applications, and an application in digital economics that includes both observa-
tional data and data from a randomized control trial. In our primary empirical
application, we examine the impact of the Syrian refugee crisis on Turkish labor
markets. Here, the SIV estimator reveals significant effects that the standard
IV does not capture. Similarly, in our digital economics application, the SIV
estimator successfully recovers the experimental estimates, whereas the standard
IV does not.
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1. Introduction

In this paper, we propose a Synthetic Instrumental Variables (SIV) estimator that combines
instrumental variables and synthetic controls to account for bias due to unobserved con-
founding. We are interested in panel data settings in which an intervention affects a set
of units over time, but we are worried about endogeneity concerns such as the intervention
affecting units selectively or differential trends amongst units that received different doses
of the treatment. In this context, researchers may turn to differences-in-differences (DiD)
designs (Card and Krueger, 2000) or synthetic control (Abadie and Gardeazabal, 2003) de-
signs (SC) in which control units are used to evaluate the counterfactual in absence of the
intervention. While these approaches may address part of the endogeneity problems, often
valid control units may not exist, as all units may be treated, or control units and treated
units may not follow similar paths, violating the parallel trends assumption. Faced with
this challenge, we may consider an instrumental variable (IV) approach in combination with
the DiD design (for example using a shift-share instrument, e.g. Jaeger et al. (2018a)). In
practice, however, the endogeneity concerns may persist as the instrument may be corre-
lated with unobserved confounders in the outcome of interest. The SIV estimator provides
a solution to this problem.

To understand the relevance of our setting, consider the use of shift-share instrumental
variables (SSIV) to identify causal effects of a treatment or policy by comparing groups or
regions more and less exposed to the treatment. Influential examples include studies of the
effects of immigration (Card, 2001) and trade (Autor et al., 2013) on labor markets. In
this paper, our main empirical application concerns the study of the effect of immigration
on Turkish labor markets using the Syrian civil war as an exogenous shock. An intuitive
empirical strategy to address the endogeneity of immigrants’ location choice, is to use a
shift-share design where the distance to the border is the “share” and the aggregate inflow
of immigrants is the “shift.” Identification in this context relies on regions close to and away
from the border to follow parallel trends absent migration flows. The problem with such a
design is that regions close and away from the border may be on different economic trajec-
tories before the Syrian civil war starts. These differential trends may bias our estimates of
the effect of the refugees on local labor outcomes. Our proposed method, the SIV, creates
a synthetic control unit for each region in the pre-intervention period and then debiases
the outcomes of interest to account for the differential trends and correct the bias in the
two-stage least square estimator (TSLS).

We motivate our method theoretically by deriving consistency and asymptotic normality



results in triangular panel designs with unmeasured confounding. We assume that the un-
observed error term has two components: an idiosyncratic component that is orthogonal to
the instrument and an unobserved heterogeneity component that follows a factor structure.
If we could control for the unobserved factor structure the TSLS would be consistent, but we
cannot do so directly. Our solution, the SIV, proposes synthetic controls as a way to proxy
for the unobserved confounding through interpolation. Under signal-to-noise restrictions and
weak primitive assumptions we show that the synthetic IV is consistent and asymptotically
normal when the number of units and time periods is large. Through finite sample bounds
we highlight that the proposed estimator might be especially sensitive to the noise level and
the weakness of the instrument. To guard against small sample biases of the estimator, we
propose empirical checks researchers might want to implement in practice, as well as a “dou-
bly robust” ensemble estimator that combines the synthetic IV with a projected synthetic
IV that partials out the noise. We also provide an alternative permutation based inference
procedure that is exactly valid in small samples.

We show the applicability of our method in a calibrated simulation exercise, by study-
ing the Syrian refugee crisis example, by re-visiting the effect of Chinese imports on US
manufacturing employment (Autor et al. (2013)) and by studying the effect of producer
rankings on sales in digital platforms. The simulation study shows that the synthetic IV
and ensemble estimators outperform the TSLS (with two-way fixed effects) in a variety of
settings. Furthermore, the SIV exhibits close to zero bias in settings with moderate and
small levels of noise and unmeasured confounding, and the ensemble estimator is shown to
be robust in settings with higher noise levels. In a study of the coverage of the synthetic IV
estimator confidence intervals we find that it is good in cases in which the estimator exhibits
small bias. Following the theoretical properties and the observed behavior under simulations
we recommend that researchers implement four checks (in the spirit of the best practices
detailed in Abadie and Vives-i-Bastida (2022)) when using the estimator: (1) ensuring that
the instrument is not weak after the debiasing, (2) making sure that the estimator achieves
good fit in the pre-treatment period, (3) implementing a back test to ensure the good fit
is not due to over-fitting to the idiosyncratic noise and (4) ensuring the synthetic controls
weights are dense, with no one unit receiving all the weight.

In our study of the effects of Syrian migrants on Turkish labor markets we find that
regions close to and away from the border follow different trajectories in the pre-period,
potentially biasing the estimates from a shift-share design. However, the SIV corrects for

this problem and the debiased estimates do not exhibit pre-trends. Moreover, using SIV



leads to different conclusions, relative to the standard shift-share IV, about the effect of
immigration in the Turkish context. While the shift-share IV estimator cannot reject that
there is no effect of immigration on natives’ salaried employment, the synthetic IV estimator
finds a statistically significant negative effect. For example, using SSIV we find that a 1
percentage point (pp) increase in refugee/native ratio is associated with a 0.01 pp increase
in native salaried employment for low-skilled men, whereas using SIV we find that it causes
a, statistically significant, 0.16 pp decrease. This implies that for every 100 immigrants
that arrived to Turkey, 16 low-skilled natives lost salaried jobs. These economically and
statistically significant differences between the SSIV and SIV estimates highlight the role
of unobserved confounders in the long-standing debate about the labor market effects of
immigrants (Borjas, 2017; Peri and Yasenov, 2019).

In our re-analysis of the effect of Chinese imports on US manufacturing, we follow the
identification strategy of Autor et al. (2013). We compare regions that were more exposed
to Chinese imports based on their pre-existing industrial composition with regions that were
less exposed. We first show that the “shares” are correlated with regional growth rates in
the pre-period. Regions that were more exposed to the China shock starting from 1990 grew
less in 1970s and 1980s. In fact, the difference in growth rates in the 1970s and 1980s is
almost identical to the difference in growth rates after the China shock in 1990s and 2000s.
The SIV estimator corrects for this pre-trend, and finds smaller effects in the 1990s than the
original SSIV, but similar effects in the 2000s. This evidence implies that regional trends
between 1970-1990 account for about half of the effect the standard SSIV captures in 1990s.
This is intuitive as the economic trajectories between 1970-1990 are more likely to continue
in 1990s than 2000s. Our findings contribute to the growing literature estimating the China
shock effect under different modelling assumptions (Goldsmith-Pinkham et al., 2020).

Finally, we apply the SIV to study an important question in digital economics: how much
do rankings affect producer outcomes? In the context of a large food delivery platform we
use preferential contracts given to producers that mechanically increase their ranks in the
consumer search wall as an IV for their rank. In this context, we have at our disposal an
A/B test in which rank was randomized which allows us to benchmark our observational
estimates on the effect rank. As expected, we find that the standard IV (with two-way fixed
effects) exhibits positive omitted variable bias (relative to the A/B test) as producers that
receive the preferential contracts are in an upwards trend relative to others. The synthetic
IV estimates however do not exhibit such bias and recover the A/B test estimates. This

examples corroborates the usefulness of our proposed estimator in dealing with unmeasured



confounding in IV-DiD settings and provides a new strategy to measure the causal effect of
rank in digital platforms using instrumental variables. Given the challenges associated with
IVs in this context (as discussed by Rutz et al. (2012)) we see this as a contribution to the
literature in digital economics.

This paper contributes to several strands of the literature. First, it complements the
growing body of work on addressing unobserved confounding and ‘pre-trends’ in panel data
settings by providing a new method for the IV DiD case. Research in this area is built upon
synthetic control based methods (Abadie et al., 2010, 2015; Ben-Michael et al., 2021; Imbens
and Viviano, 2023), more general weighting methods such as the synthetic differences in
differences (Arkhangelsky et al., 2021a), as well as balancing methods (Hainmueller, 2012),
matrix completion methods (Agarwal et al., 2021; Athey et al., 2021) and factor model meth-
ods (Anatolyev and Mikusheva, 2022; Bai, 2009). Similarly, our paper complements related
work on addressing and evaluating pre-trends in event-study designs, including Freyalden-
hoven et al. (2019), Borusyak et al. (2023), Roth (2022) and Ham and Miratrix (2022) among
others. A more closely related paper is Arkhangelsky and Korovkin (2023) which provide
a novel weighting algorithm to address unobserved confounding in settings in which the ex-
ogenous variation comes from aggregate time series shocks. The authors propose a robust
estimator that corrects the TSLS bias when the instrument has a product form and there are
unobserved aggregate shocks that may affect different units differently. We see our method
as complementary to Arkhangelsky and Korovkin (2023), and note that we consider a dif-
ferent setting in which the instrument need not have a product structure and the exogenous
variation may come from the time or unit components.

Second, this paper is related to a growing literature studying and relaxing the identifi-
cation assumptions embedded in shift-share designs. Goldsmith-Pinkham et al. (2020) show
that the identification assumptions in SSIV designs are often based on the exogeneity of
shares. Borusyak et al. (2022) relax this assumption and provide a framework in which
identification can also come from the exogeneity of shifts, allowing shares to be endogenous.
Adao et al. (2019) highlight an inference problem that arises from cross-regional correlation
in the regression residuals due to similarity of sectoral shares in the US. de Chaisemartin
and Lei (2023) investigate a weighting problem in SSIV with heterogeneous treatment effects
and propose a robust correlated-random-coefficient panel IV estimator. In the immigration
context, Jaeger et al. (2018b) show that past-settlement instruments in practice conflate
both short-term and long-term adjustments to immigration shocks, which invalidates the

exogeneity assumption. Our method complements this literature by providing a new tool



applied researchers can rely on to address unobserved confounding in SSIV designs.

Lastly, our main empirical example is related to a large literature studying the effects
of immigration using refugee shocks (Card, 1990; Hunt, 1992; Friedberg, 2001; Angrist and
Kugler, 2003; Lebow, 2022). More specifically, our focus on the effects of Syrian refugees on
Turkish natives and the presence of unobserved confounders in Turkey follows Gulek (2023).
Whereas he focuses on the effects on the formal and informal labor markets, we focus on the

overall impact on salaried employment and consider heterogeneity across men and women.

The paper proceeds as follows. Section 2 describes the setting and an empirical example.
Section 3 presents the synthetic IV estimator and two additional estimators. Section 4
discusses the theoretical results. Section 5 regards extensions of the estimator and inference
procedures. Section 6 concerns the simulation study, and section 7 details our three empirical

applications.

2. General setting and empirical motivation

We are interested in a panel data setting in which some units of interest are exposed to a
(potentially continuous) treatment and there are endogeneity concerns. The researcher may
be worried about using a differences-in-differences design as the parallel trends assumption
might not hold, but has access to an instrument that partially addresses the endogeneity
concerns. More precisely, we consider J units indexed by ¢ = 1,..., J that are observed for T’
periods of time with outcomes of interest Y;; and potential outcomes denoted by Y;;(R;;) for
a random variable R;; € R. Throughout the paper we assume that the potential outcomes

are generated as described by the following assumption.

Assumption 1 (Design). Outcomes follow
Yie(Rit) = 0 Rt + Uit + €t

where Yy, Ry, and Z; are observed and Uy = piFy, for a k x 1 vector of factor loadings p;

and a vector of common factors Fy, and €3 are unobserved. The treatment Ry follows
Ry = vZiy + At + nit,

where Zy is an instrument satisfying that Zy; = 0 for t < Ty, Ay is an unobserved het-
erogeneity term and ny 1S an idiosyncratic shock potentially correlated with the error term

€it-



The main feature of the panel triangular design we consider in Assumption 1 is that the in-
strument Z;; is not active for t < T and the unobserved components are additively separable
into unobserved heterogeneity components (U and A;;) and idiosyncratic error components
(€ and m;;). The design reflects settings in which an observed intervention starts at Ty and
is used as an instrument or to construct an instrument Z;;. For example, shift-share designs
satisfy this setting as Z;; = Z!H, for shares Z; and shifts H; with H; = 0 for t < Tj,. This
will be the case for our application to the China shock study. Panel instrumental variable
designs in which the instrument becomes active after Tj (i.e. Z;; = 0 for t < Tp) also satisfy
this setting, and this will be the case of our digital economics application. A special instance
of our design is Ry = 0 for t < Tj (i.e. Ay = i = 0 for t < 1), which is satisfied in our
main empirical application to the Syrian refugee crisis, as well as for common frameworks
considered in the literature of IV-DID.

The parameter of interest is the expected marginal effect of the treatment R; on the

outcome Y,

0_E {6%(1%“)} _ OYi(Ry)

OR; OR;

To understand the potential problems arising in the estimation of 8; it is useful to consider
the possible identifying assumptions researchers may posit. To this end Figure 1 describes
different assumptions on our design encoded in directed graphs. In this paper, we relax the
standard IV independence assumption by allowing the instrument to be correlated with the

unobserved term Uy as described in panel (a) of Figure 1 and Assumption 2.

Assumption 2 (Partial instrument exogeneity). The following independence conditions hold
€it, Nits Aie L Zit.-

Tu put in context Assumption 2 we consider alternative assumptions researchers may
posit. Researchers may consider the independence assumption R;; L €, Uy (panel (¢) in
Figure 1) which in our design is satisfied when Ay, Ziy, iy L €1, Uy pairwise. This assumption
is not implied by Assumption 2, but if it holds, then the OLS estimator of § is unbiased and
the researcher could recover 6 by regressing Y on R. In many empirical settings, however, R;;
is likely correlated with the unobserved components. For example, in immigration settings
refugees might take into account local labor market conditions and trends when choosing
where to re-locate or alternatively may relocate based on geographical distance. Researchers
may therefore rely on instrument Z; to address this concern. Common instruments in
the immigration literature to address location choice endogeneity include past-settlement
indicators or travel distance (Card, 2001; Angrist and Kugler, 2003).

6



Figure 1: Triangular designs
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Notes: Directed acyclic graphs representing the independence assumptions implicit for different designs.

Variables shaded grey are unobserved.

A valid instrument requires that (1) the only channel affecting the outcome Y is through
the treatment R (the exclusion restriction) and (2) that the instrument is as good as randomly
assigned. In our design, this would require that €;, n;, Ust, Ay L Z;;, which is also not implied
by Assumption 2, as reflected in panel (b) in Figure 1. We are interested in cases in which
the instrument Z;; is not perfectly valid due to failing to be as good as randomly assigned.
This may be the case in some relevant empirical settings. For instance, in immigration
examples regions that received immigrants in the past or were closer to the immigrants’
origin may follow different trends than other regions. Given that models of migrant location
decisions (Llull (2017), Bartel (1989)) often involve agents taking expectations over both
settling costs and the economic returns of settling in a particular region; it is likely that
a single instrument Z; may not simultaneously address both sets of endogenous variables.
However, we may believe that the instrument Z;; is valid for one set of variables (settling

costs for example) and that the design would be valid if we could control for economic trends.



In other words, the researcher may believe there exists an omitted variable that is correlated
with the instrument and the outcome of interest. This motivates us to relax the instrument
independence conditions as posited in Assumption 2 to distinguish between the unobserved
component €;; unrelated to the instrument from the unobserved heterogeneity component
Us.

Assumptions 1 and 2 imply that the instrument Z;; correctly addresses the endogeneity
problem due to the unobserved component €;;, but not the omitted variable bias due to Uj.
If we could observe Uy, we would control for it and the IV design would be valid. However,
U, is unmeasured and, therefore, the statistical problem we consider is that of finding a valid
proxy control Uy for Uy (as depicted in panel (d) of Figure 1). Different approaches have
been considered in the literature to tackle this problem. If additional variables are available,
strategies have been proposed to combine the observed variables and the instrument to proxy
for U directly (see Miao et al. (2018) and Deaner (2021)). If there exists a donor pool of
units never exposed to the treatment R, researchers may opt for a different design and use
synthetic controls to partial out Uy (Cengiz and Tekgiic, 2022). However, in many empirical
settings additional variables or additional control units are not available, and in these cases
researchers often rely on parametric assumptions to control for U;. Common examples used
in the literature include two-way fixed effects, U;; = «; + d;, linear time trends (Wolfers,
2006), Uy = «a; x t, or grouped region time fixed effects (Stephens Jr and Yang, 2014;
Bonhomme and Manresa, 2015), U;; = ay6, for region groups g. The choice of parametric
form is often driven by domain knowledge, or, when possible, by showing that the instrument
Zi is not correlated with the outcome in the pre-treatment period (see Danieli et al. (2024)
for a review of IV falsification tests).

In this paper, we propose a strategy to directly use the pre-treatment period (¢t < Tp) to
flexibly control for U;; without estimating a specific functional form. Our proposed method,
the synthetic IV, uses the pre-treatment period to estimate synthetic control weights that
interpolate across units to partial out Uy in the post-treatment period (¢t > Tp). The idea
of using the pre-treatment period as a way to address an omitted variable bias in panel IV
estimates is not completely novel, and this is often done in IV-DID settings by instrument-
ing the difference of outcomes before and after treatment (sometimes called the differences
in Wald estimator). However, the validity of this approach still relies on strong parametric
assumptions on Uy, for example Danieli et al. (2024) show for that for a binary setting under
the parallel trends assumption (which implicitly imposes that U;; = a;+4;), the differences in

Wald estimator is an unbiased estimator for #. The method we propose works for continuous



treatments and instruments, and is valid under more general functional forms; linear factor
models U;; = piFy. Given that many economic trend variables can be described through an
interactive factor structure we believe that our method can be quite useful to researchers to
flexibly control for unmeasured confounding and prevent the specification search over differ-
ent fixed effect combinations. Furthermore, linear factor model assumptions are common in
the literature for dealing with unmeasured confounding in panel settings. A related paper
that also relies on a factor model structure is Arkhangelsky and Korovkin (2023) in which an
aggregation scheme based on Arkhangelsky et al. (2021b) is used to control for unmeasured
aggregate confounders between a time series instrument Z; and a panel outcome Y;;. We
see our paper as complementing the novel work of Arkhangelsky and Korovkin (2023) for
cases in which we have a panel instrument Z; and our identifying assumptions may come
from unit level variation in the instrument or from time series variation, which include the

commonly used shift-share designs.

Example 1 (the Syrian refugee crisis) To further motivate why the setting described
under Assumptions 1-2 and in Figure 1 is relevant to applied work, consider our main
empirical example: the effect of the Syrian refugee crisis on Turkey’s local labor markets.
The Syrian civil war started in March 2011 and by 2017, 6 million Syrians had sought
shelter outside of Syria with 3.5 million locating in Turkey.! Figure 2 panel (a) shows
the growth in the number of Syrian refugees in Turkey over time and panel (b) shows the
geographic dispersion of the refugees. Given the structure of the Syrian refugee shock a
natural approach to estimating the impact of refugees on local labor outcomes is that of a
shift-share instrumental variable design that exploits the exogenous time shock of the civil
war and the differential impact across units.

To relate the Syrian example to our setting let R;; denote the refugee/native ratio at
province-year level and consider a travel distance shift-share instrument, as is common in
the mass-immigration literature (Angrist and Kugler, 2003; Aksu et al., 2022).

Zy= Hy x Z;,
~—

~—
shift share

13 1
Z; = ;)\Sas

where H; is the number of refugees in Turkey in year ¢, d; , is the travel distance between

!Turkey hosts the largest number of refugees in the world (UNHCR, 2021).



Figure 2: The Syrian refugee shock.
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Turkish region 7 and Syrian governorate s, \s is the weight given to Syrian governorate s
which we set it be proportional to the population share of s.? In panel (c) of Figure 2 we
plot the first stage coefficients interacted with time dummies from the TWFE specification

that is commonly estimated in the literature

Ry= Y w(I{t =k} x Z;) + a; + 6 + mr.
k#2010

The first stage regression tests whether the instrument predicts refugees’ location choice
every year. As expected, distance is a strong predictor of the refugee treatment intensity.
The F-stat of the shift-share first-stage (where we regress Ry on Z; while controlling for
region and time f.e.) is 154. The problem arises when one considers the reduced form of
local wage-employment (salaried employment) of the natives that did not finish high-school

(low-skill)® on the instrument

Ya= Y Oc(1{t =k} x Z)) + ci + 6 + €u, (1)
k#2010

which is displayed in panel (d) of Figure 2. Between 2004-2010 (before the refugee crisis
began), the provinces closer to the border observed employment gains compared to other
regions. Being one standard deviation closer to the border predicts a wage-employment
growth of 1 pp between 2004 and 2009. Given that the regions that are predicted by the
instrument to receive immigrants were following different trends before the shock, it is likely
that the IV-DID design does not satisfy the parallel trends assumption implicit in the TWFE
specification. This suggests that there exists an unmeasured confounder U; in the Syrian
crisis empirical setting. The appearance of pre-trends in similar designs is a common problem
in practice (Wolfers, 2006; Stephens Jr and Yang, 2014; Gulek, 2023) and has been discussed
extensively in the literature (Roth, 2022; Freyaldenhoven et al., 2019). While our main
design described by Assumption 1 considers a common, time-invariant, parameter 6, in
the Appendix (section 1.7) we extend it to a time-varying event study design like the one

considered in this example.

2The idea is that all else equal, more Syrians would be expected to come from the more populous regions.

3This is the key outcome of interest because Syrian refugees were substantially less educated compared
to the Turkish population, and hence constitute largely a low-skill immigration shock. We provide more
details about the setting in the Appendix.
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Example 2 (the China shock) Another shift-share research design that highlights the
problem of interest is used by Autor et al. (2013) to evaluate the effect of Chinese exports
on manufacturing employment in the US. The authors are interested in the effect of US
import’s exposure to China on the growth in percent manufacturing employment (Y};) for a
US commuting zone ¢ during a decade t. Given that import exposure is endogenous, Autor
et al. (2013) instrument it by the increase in Chinese imports by high-income countries (Z;;).
It is important to note that the instrument has a shift-share structure. Therefore, we can
interact the exposure components in the instrument with time indicators to see whether they
predict changes in the outcome before the shock occurs as we did for the Syrian example. In

particular, we estimate the following reduced form regression

Yio=> (Zin x 1{t = k})Ben + 6 + € 2)
k

where 0, is a time fixed effect, €; is an error term, and Sy, with h = 1990, 2000 are the event-
study estimates of interest for the two exposure measures Z;;, considered by the authors in
constructing the instrument Z;. In section 7.2 we explain in detail how the shift-share
instrument is constructed and replicated the main tables of Autor et al. (2013). Note, that
we do not include region fixed effects following the original paper, but in principle we could
at the cost of having to normalize one of the pre-period estimates to zero.

Figure 3 shows the event studies estimates for the reduced form regression (2). Each data
point represents a coefficient estimate for a given decade, with the intervention (the China
shock) occurring in the decade of 1990-2000. As it can be seen, for both exposure measures
it appears that before the intervention regions more affected by Chinese imports where
potentially on a downward trend in terms of manufacturing employment, raising concerns
over the exogeneity of shares assumption implicit in the shift-share design. This example
highlights that unmeasured confounding may be a common problem in shift-share designs.
Autor et al. (2013) partially address these concerns by using additional covariates to control
for the differential trends. In section 7.2 we revisit this example and show how our proposed
method can correct for the unmeasured confounding without relying on additional data.

In the following section we describe our proposed solution, the synthetic IV estimator,

that flexibly controls for the unmeasured confounder Uy,.
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Figure 3: Reduced-form estimates for the China shock
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Notes: Event-study estimates for (2) using the exposure components Zi71990 and ZZ'}QOQ(). The time periods
consist of four decades 1970-1980, 1980-1990, 1990-2000 and 2000-2007, with the intervention (the China
shock) occurring in the decade of 1990-2000.

3. The synthetic estimator

The synthetic estimator consists of two steps. In the first step we find synthetic controls
for each unit in a pre-period (¢t < Tj) and generate counterfactual estimates for Yj;, R;; and
Zi for a post period. In the second step, as in the standard IV estimator, we use these
counterfactual estimates to compute the first stage and reduced form estimates. To describe
the procedure, consider J units indexed by 7 = 1,...,J observed for T" periods of time.
We are interested in an outcome of interest Y;; with potential outcomes Yj;(R;;) indexed by

random variable R;.

Step 1: for each j € {1,...,J} we find the synthetic control weights w;.%’ by solving the
following program for the pre-treatment period ¢ € {1,..., Ty}
?D;SC € argminweWHDfo — DT‘}'U}HZ, (3)

for

W={weR’||u] <C}, (4)

where C' € (0,00) is a regularization hyper-parameter, DT is the J x p design matrix that

includes pre-treatment outcomes Yj; and treatments R; for ¢t < Ty where p = 27Tj, with
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DJTO denoting the predictors for unit j and DT(; the (J — 1) X p matrix of predictors for the
other units.* The intuition for matching outcomes and treatments is that the finite sample
behavior of the estimator will depend on the pre-treatment fit of R;; and Y;;. In the case
in which R;; is not present in the pre-period, as is the case of the Syrian refugee example
(2), the design matrix includes only the pre-treatment outcomes, such that DT = Y7o,
The [, norm constraint on the weights ensures that there is some amount of regularization.
This program is a relaxation of the standard synthetic control objective, sometimes called
the constrained lasso (Doudchenko and Imbens, 2016). In our empirical applications, we
compute the weights using the standard synthetic control restriction that the weights are in
the simplex (ie. W = {w [ w; >0, > ;w; = 1}). Our theoretical results will be valid
for this case when C' = 1 is chosen in solving program (3). We find in the simulations, and
empirical exercises, that the additional regularization provided by the simplex restrictions
offers good finite sample performance.

Once the synthetic control weights are computed, we define the following quantities for
alltin1,....,T

SC ~SC
Y —§ Wi Yii,

J#

HSC ~SC

Ry = E W Rjq,
J#i

5SC _ ~SC

Zy = § Wi Zjt,
J#

which we label the synthetic outcome, treatment level and instrument respectively. Then,
we define the debiased values for t > Tj as the difference between the observed values and

the synthetic values

¥ o-SC
}/it = }/;jt - }/;'t )
D NSC
Ry = Ry — Ry,
~ ~>SC
T = Z — 25°.

Step 2: Given {f/it, R, Zit}tT:TO 41, we estimate the first stage and reduced form by pooled

4Researchers may choose to weight the columns of the design matrix D70 according to different weights,
as proposed by Abadie et al. (2010).
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OLS regression

7 € argmin(Y — Zn)' (Y — Zr),

s

By € argmin(R — ZB)' (R — Z3).
B

where Y = vec(YT), R = vec(RT) and Z = vec(Z7) are the (J(T — Tp) x 1 vectors of the
debiased values. Then, the estimated average marginal effect is given by the standard IV

estimate

gsIv — L,
b
which we denote the synthetic IV estimator. Given that our framework is a just-identified
IV design, the IV estimator is equivalent to the two-stage least-squared estimator (TSLS)
given by

~1
gross — (z ZR> AR
it it

Our main asymptotic results are also valid for the estimator that uses the instrument Z;;

instead of the de-biased instrument Z;

-1
éxT/}g%LS = <Z Zitﬁbit> Z Zz‘tzt;
it it

and the estimator that only debiases the instrument Z;

-1
QESLS = (Z ZitRit> Z Zityit'
it it

In the theory and simulation sections we show that while these estimators are similar to the
proposed synthetic TV estimator (SIV), they may have worse finite sample properties. To
understand the differences between the standard IV and the SIV, we expand the debiased
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variable Y/it in terms of Rit

Vi =Yy = V°

- ngt +M1Ft +Ezt - Z ASC
JF#i (5)

= OR;; + ( wa wi) Fy + € — Z 05C%;
J# J#

It follows that the synthetic IV estimator for the regression of Y on R instrumented by Z

for t > T} recuperates the true parameter 6 up to two potential bias terms.

-1
grons _ (z m) AT

1,t>Th 1,t>T)
—1 /
— 0+ (Z Zitfzit> Z ( ngcuj> (6)
1,t>To i,t>Tp YE=
-1
+ (z R) Sz ( S )
1,t>To 1,t>Th j#i

Similarly, the standard TSLS estimator 6TSLS can also be decomposed

—1 -1
éTSLS =0+ (Z ZitRit> Z Zzt,U/;Ft + (Z ZitRit> Z Zit€it. (7)

1,t>Tp 1,t>Tp 1,t>T) 1,t>Tp

In both cases, the bias in estimating # will depend on a term involving the unobserved
factor structure p F; and a term involving the idiosyncratic error term ¢;. Under the partial
instrument validity Assumption (2) we might expect the term involving Z;e; to be close
to zero in probability under suitable assumptions, but the term involving p!F; will cause
omitted variable bias in the IV estimates. The intuition for the SIV estimator is that if
the partialling out procedure successfully removes the p)F; term, thanks to the synthetic
controls matching the factor loading u; for each unit, then there is no omitted variable bias.
In section 4 we give conditions on the model primitives under which this is the case and the

SIV estimator is consistent.

Common synthetic control weights The decompositions (5) and (6) clarify why it

SC

is necessary that a common set of synthetic control weights w;“ is used to generate the
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debiased outcomes Y and treatments R. Suppose, that instead different weights w; and w,

were used in constructing Yy and Ry. Let Y, RY and Z¥ denote the debiased quantities in

which weights w were used. In this case, the SIV estimator has the following decomposition

~1
jrss _ (z m) S 2,7

ICIb
7
]
@z
=
S
~

|
™
N
oy
<8

1 /
S -
(S awr) X a(w- T
i,t>To i,t>Tp Ve
-1
SR ~
+ (Z Z’itRz't ) Z Zit <€it — szljejt) .
4,t>T0 1,t>T) j#i

The problem of using different weights is that the SIV estimator will estimate 6 up to the
term G = <Zi,t>To Zité§§2)_1 Dot Zl-tf{ﬁl, which unless w; = wy may not be one in finite
samples, and, in general, may not converge to one.

The focus of this paper is not to describe what parameters can be identified in this set-
ting in terms of potential outcomes, as we consider the marginal effect defined in section
2. Tt is possible, however, to derive latent average treatment effect characterization in the
case of discrete valued instruments and treatments under a modification of the standard
monotonicity assumption. See Mogstad and Torgovitsky (2024) for an in-depth discussion
of unobserved heterogeneity in treatment effect in IV models, and for discussion of identi-
fication in related IV difference-in-difference settings see Borusyak and Hull (2020). For a
discussion of identification of continuous treatment effects in DiD designs we refer readers
to de Chaisemartin et al. (2024).

Example 1 (applying the SIV) We show how the synthetic IV estimator works by
applying it to the Syrian refugee example. We proceed with the first step by computing the
synthetic control weights for each Turkish region by solving problem (3) with W = {w |
wj >0, Y ;w; = 1}.° We then compute the debiased variables {Yi, Rit, Zu} oy and

5As an additional step, we normalize the outcome variable Y before solving for the weights.
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Figure 4: Comparing IV and SIV for the Syrian refugee shock.
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(a) Salaried employment. (b) Salaried employment for men.

Notes: panel (a) shows the event-study estimates for regressions 1 and 9 for the shift-share IV and SIV for
salaried employment respectively; it replicates panel (d) in Figure 2 for the SIV. Panel (b) shows the same
event-study estimates for salaried employment for men. Two SIV estimators are estimated, SIV train 04-10
uses all the pre-treatment periods to compute the synthetic weights in program (3), while SIV train 04-07
only uses the first 4 time periods.

estimate the reduced form regression (1) with the debiased data

};;Lt = Z ék(]l{t = k} X Zl) + o, + (St + €it (9)
k#2010

where Z; is the debiased instrument share component. In panel(a) of Figure 4 we plot the
event study estimates for salaried employment as we did in Figure 2. As we saw before, the
IV estimator (green circles) exhibits large pre-trends, but the SIV estimator (blue triangles)
does not. To check that indeed the absence of pre-trends for the SIV estimator is not due to
over-fitting to the pre-treatment period idiosyncratic noise (€; ), we also estimate a backdated
SIV in which only a subset of the pre-treatment periods is used in estimating the weights
in program (3). The backdated SIV (in orange squares) also shows no pre-trends, providing
evidence that the synthetic IV estimator is successfully capturing the unobserved U;; term.
In the following sections, we highlight the theoretical properties of the SIV estimator and
other empirical checks, such backdating, researchers can do to check that robustness of
the estimator. In the Appendix (section 1.7), we extend the theoretical results for the SIV
estimator to the event study design considered in this example and the empirical applications.

A feature of the synthetic IV estimator is that it accounts for unmeasured confounding
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that may change over time, and, crucially, differentially before and after the intervention at
To. This can be seen in Figure 4. In panel (a), while the SIV accounts for the pre-trends
before Tj, the estimates after Tj see changes smaller in magnitude relative to the pre-trend
size and non-linear in time, with effects increasing at the start of the post-treatment period
and decreasing at the end of the period. If researchers had estimated a linear trend instead
(Uy = a; X t) as is common in the literature, the post-treatment estimates would have
been shifted downwards significantly. The flexibility of the SIV allows for cases in which
the trend in the post-treatment period might be different, for example if we believe Turkish
regions close to Syria are in growing path (catching up to richer regions) we might expect the
confounding to be smaller in the post-treatment period. Furthermore, the SIV also allows
flexibility in functional form across outcomes. In panel (b) of Figure 4 we show the event-
study estimates for a different outcome, formal salaried employment for men. While the
pre-trends for this outcome are similar than for salaried employment, the SIV post-treatment
estimates are shifted downwards uniformly. In section 7.1 we revisit this empirical example
and show that SIV can make a real difference compared to the standard IV in estimating
the effects of refugees on several local labor outcomes. To preview the results, a researcher
using IV would find no effect on natives’ or men’s salaried employment. Using SIV, however,
we find a statistically significant negative effect for both outcomes. We discuss the relevance
of these findings in section 7.1.

In sections 4 and 6 we discuss the theoretical properties of the synthetic IV estimator
and investigate its finite sample properties through simulations. We highlight that in well
behaved settings with low noise but significant correlation between the instrument and the
unobserved factor structure the SIV estimator can provide reliable estimates of the true

effect. In section 7 we re-visit our three empirical applications using the SIV estimator.

4. Theoretical Results

In this section we provide theoretical guarantees for the SIV estimator. To characterize
the behavior of the standard IV and the synthetic IV estimators it is key to understand
the behavior of the terms involving the unobserved factor y; in decompositions (6) and (7).
In order to do so, we impose more structure on the primitives of the design described in

assumptions 1 and 2.

Assumption 3 (Model primitives). Assumptions on the factor structure, the error compo-

nents and the instruments are as follows.
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~ The common factors are bounded such that for all t, |Fy| < F forl =1,... k. Fur-
thermore, the matriz Fr, Fr, has minimum eigenvalue § such that /Ty > 0, where Fr,
is the k x Ty matriz of common factors F, fort <Ty. The factor loadings are bounded
such that for all i || < c,.

— The unobserved term Ay is bounded such that for all i,t |Ay| < ca. Furthermore,

1 P
JTy Ei,t>To Ay — 0 as JT; — oo.

— The instrument Z; € Z is bounded such that for all i,t |Z;| < ¢, and JLTI ZLDTO Z2 N
Qz > 0.

— The instrument Zy and the unobserved factor structure satisfy

1

—Z'MyZ 5 Q >0

JTl U Q )

as JTy — oo for Ty = T — Ty, where Z = vec(ZL) is a JT x 1 vector of instruments
and My = I — Ur, (U, Usry) " 'Ulp, is the JTy x JTy residual maker matriz for

Usr, = vec(UT). Furthermore, the first stage parameter satisfies v > 0.

~ € and n; are i.i.d mean zero subGaussian random variables with variance o* and a%

respectively, finite covariance oo, = Eleyn;] and bounded fourth moments.

Assumption 3 has three parts. First, we assume that the model primitives are bounded. This
is a common assumption in papers analyzing the behavior of synthetic control estimators and
rules out weak factors. Second, we assume that the instrument is strong and not perfectly
correlated with the unobserved factor structure. That is, after projecting out the unobserved
confounder U;; enough variation remains in the instrument. This requirement avoids weak
instrument problems and in the simulation discussion we highlight the importance of this
assumption for the finite sample performance of the synthetic IV estimator. Finally, we
assume that the unobserved error terms 7 and € are i.i.d, but potentially correlated. This
assumption can be weakened to allow for time series correlation, however in our main results
the time series dependence is present through the unobserved factor structure p}F;.
Observe that under our design and Assumption 3 the term in decomposition (7) and (6)
depending on the idiosyncratic shocks will converge to zero in probability. In the appendix,
we derive a finite sample bound for this term (see Lemma A.1). On the other hand, the unob-

served factor term ) Ziti By need not converge to zero in probability at a 1/(JT7) rate.

1,t>Tp
Therefore, in general the TSLS estimator, with or without fixed effects, will be asymptotically
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biased. The synthetic IV estimator will also be biased in finite samples as ), T zt,uth
need not be zero, but the bias will depend on how well the synthetic control procedure in step
1 can partial out the factor loadings f1;.° To give conditions for consistency, we condition
on the unobserved factor structures and consider €, n and the instrument Z as the source
ZufiF, in

of randomness in our design. The following result gives a bound on the )., .

terms of model primitives and the mean-absolute deviation of pre-treatment values of ¥ and
R, defined as MAD(Y™) = T Doii<Ty Vil

Theorem 1 (Factor term bound). Under Assumptions 1-3, for t > Ty conditional on the
unobserved components p,Fy and Ay, the following bound holds for all J, T and Tj

F?ke,c J
Z thuz < ( ¢ ) (20 Tae
1,t>To 0
Z Vel

1,t<Tp

JTy Tl

+ 0E

Z |Rjt|

1,t<Tp

)

where ¢ =14 C and all other terms are defined in Assumptions 1-3.

Theorem 1 states that the bias term that depends on the unobserved factor structure can
be bounded above by the expected mean absolute deviation of the outcome variable in the
pre-treatment period and a term that depends on the likelihood of pre-treatment “over-
fitting”. This is a standard bound in papers evaluating the properties of synthetic control
estimators (see Abadie et al. (2010) for the first example in the literature and Vives-i-Bastida
(2022) for a example with covariates). It highlights the dependence of the estimator on good
pre-treatment fit (see Ferman and Pinto (2021) for a discussion of synthetic controls with
imperfect pre-treatment fit). In particular, the bound depends on the error noise level o, and
the ratio \/m . In settings, in which the we have a small amount of pre-treatment periods,
a large number of units, or in which the noise level is high, perfect interpolation of the noise
is more likely, biasing the estimator. A discussion in Abadie and Vives-i-Bastida (2022)
highlights the importance of pre-treatment fit and over-fitting for performance of synthetic
control estimators through a simulation study. Similarly, we evaluate the performance of the
synthetic IV estimator in simulations in section 6 and find that the estimator performs well
even in settings with moderate o, \/m .

6Under weak conditions on the time series (S-mixing, or covariance stationarity), it may also be pos-
sible to directly correct this bias using a cross-fitting procedure in the spirit of the method proposed in
Chernozhukov et al. (2022) for the synthetic control framework.
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To provide conditions under which the estimator is consistent as J7} grows to infinity,
we consider a relaxation of rank proposed by Rudelson and Vershynin (2007) that allows for

small perturbations.

Assumption 4 (Numerical rank assumption).

With probability one, for all J and Ty, the pre-treatment matrices have bounded numerical

Yo R,
rank, TymoE < 71 ET)

o1(YT0) < 5y and o (R™) < &y, where 7y, Ty, 61 and 62 may depend on J and Ty.

< 79, and their largest singular values are bounded above such that

The intuition behind Assumption 4 is better seen by considering the rank of the J x Ty
design matrix Y70, If the matrix had fixed rank r < min{7p, J} all points would lie in a low
dimensional manifold of the space and the pre-treatment fit error would grow proportional
to r. Given that in our setting the error terms are 7.i.d shocks, this is not a reasonable
assumption. Instead, we consider a bound on the numerical rank; the ratio between the
Frobenius and 2-norm of a matrix. This notion of rank allows for points to lie “close” to a

low dimensional manifold. Furthermore, for any matrix A it follows that

therefore the bounded numerical rank assumption is implied by a bounded rank assumption.
Whether Assumption 4 is satisfied will depend on the model primitives. In particular, it
will be satisfied when the signal to noise ratio is high. That is, when the factor structure
w; Fy dominates the noise term e. In cases in which o, is large relative to the factor term the
numerical rank is likely to be large and the pre-treatment fit bad. In section 6 we explore
the performance of our estimator in a variety of settings and propose checks researchers can

implement to evaluate whether their empirical setting is likely to satisfy this assumption.

Theorem 2 (Factor term consistency). Under Assumptions 1-4, for t > Ty conditional on

the unobserved components p.F; and Ay, the following bound holds for all J, T\ and Tj

1 - F?ke.c J 1 1
—FK ZutFy | < z 2cq | =0 rioy + 0v/7203) | —= 1+ Cy/ —
T E | |2 ZuitiEi —( £ )(CV 7,0+ (Vo + Vi) {V_JTﬁ \/TJ

where ¢ = 1 + C' and all other terms are defined in the assumptions. Furthermore, as
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JTl — OQ, (\/’1715'1 +6\/7725'2>\/TL0 — 0, and ’/Tio — O,

JTl Z th/,llet —> 0.

Theorem 2 shows that the bias due to the factor term is 0,(1) as long as (715, —i—FQ&g)TiO — 0.
For fixed J, this implies that we need Ty, 77 — oco. The restrictions on the rank and &1, 79
are not uncommon in the matrix completion literature. Combining the consistency result
with the additional assumptions on the instrument behavior we can show that the synthetic

IV estimator is a consistent estimator of 6.

Theorem 3 (Consistency). Under Assumptions 1-4, as JTy — oo, (7171 + 0FaG9)~ — 0

To
and - — 0,

Theorem 3 states that both the synthetic IV estimator 87575 and the synthetic IV estimators

for which we do not debias the instrument HTS LS

NTSLS
07

and for which we only debias the instrument
, are consistent given our assumptions and the rate conditions of Theorem 2. Under
our model and assumptions, the standard TSLS estimator will not be consistent in general as
JLTI > i Zupv Fy may not converge in probability to zero. As discussed, however, the synthetic
IV estimator is biased in finite samples and the finite sample bias will depend on the signal
to noise ratio, the length of the pre and post treatment periods in relation to the number of
units J and, through the first stage, the correlation between Z;; and p;F;. It is important
to note that while debiasing the instrument does not affect the consistency of the estimator
it may improve the finite sample properties of the estimator. In the appendix, we show
under additional assumptions, that debiasing the instrument can lead to a stronger first
stage and lower correlation with the debiased unobserved term fi, F;, leading to better finite
sample properties. We confirm this intuition in the simulation study by comparing §75L5
and QESLS . Finally, under Assumptions 1-4 it is also possible to show that the synthetic IV

estimator is asymptotically normal.

Theorem 4 (Asymptotic normality). Under Assumption 1-4, conditional on weights w and

instruments Zy, if %(1 + J) (101 + 07202) — 0 and fmaxz Z#i |lwj;| — 0, then as
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JT1—>OO

/JTl (éTSLS _ 0)

Vi

4 (vQ)™" x N(0, 1).

2 1 7 = — _1 252 T, S 7 an
where vy, = I dYoavar(Zy€y | Z,w) = i Zi,t>To oza;, and Gy = Zyy Z#i Zjwj;. Furthermore,

giwen w; € W, a sufficient condition for ﬁmaxi E#i lwj;| — 0 is that Til — 0 as
JIT7 — 0.

Theorem 4 shows that the estimator converges to a normal random variable centered at
the true parameter when normalized by the conditional variance v 7, which depends on the
instruments Z and synthetic control weights w. The result allows us to construct standard
asymptotic confidence intervals by using the sample counterparts. Let 6%4; 4 denote the

variance of the synthetic TSLS estimator which is given by

JT1 05y, ozllall3

~2
orsLs = = = > D \2’
(X iisy ZitsToRit)* (Do, ZitBit)?

where 62 can be estimated from the regression residuals, and the denominator and ||&|3 =
>, a2 can be computed directly from the data. After computing this quantity, standard

(1 — @)% confidence intervals can be constructed such that

OTSLS

OTSLS
JT

, 10
T (10)

0 € |Orsns — 21-a2 X ,Orsns + 21_aj2 X
where z1_q/2 denotes the (1 — a/2)-quantile of the standard normal distribution.

The result in Theorem 4 requires an additional density condition with respect to the
conditions for consistency in Theorem 2. The condition requires that for the sequence of
synthetic control weights w, \/J;iﬂ max; » . [wji| — 0. Intuitively, it ensures that the weights
are not concentrated on a few units such that, as JT7 grows, the estimator does not depend
on a few data points. While, in general, whether this condition is satisfied will depend on
the model primitives, under the /;-norm constraint in program (3), a sufficient condition is
that J/T7 — 0 as JT; — oo. In finite samples, however, we can inspect directly whether our
estimated weights w are dense or not. In the simulation exercise and empirical applications

we show that in general the weights are dense, explaining the good behavior of the SIV

estimator in shorter panels.
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Variance comparison. A natural question is how does the variance of the SIV estimator
compare with the variance of the standard TSLS. Which variance is larger will depend on
the model primitives and the relationship between the unobserved confounder U and the
instrument Z. The intuition is similar to that of the effect of adding additional covariates
on the variance of the OLS estimator for a parameter of interest in a linear model. Adding
additional covariates reduces the variance of the unobserved component, but this may come
at the cost of variance inflation due to the correlation between the regressor of interest and
the additional covariates.

In our setting, if the SIV estimator is successful in partialling out the unmeasured con-
founder U, and the variance of U is large relative to o2 or the correlation between U and Z
is sufficiently small, then the SIV estimator will exhibit a smaller variance than the standard

TSLS. To see this, suppose that in addition to Assumptions 1-4, U;; = plF; are i.i.d random

2
u

TSLS and SIV estimators are given by o%¢; ¢ = (7?Qz) '[o2 + 2] and 0%}, = (12Q) o2

variables and var(u;F;) = o, > 0. Then, it follows that the asymptotic variances of the

Therefore, the ratio of the variances is greater than one when

2 2 2 2 2
UTSLS_O-u+O-eQ>1 s 0u+ae>%

U%‘IV 02 Qg o? Q

(11)

The LHS in the last expression in (11) is the signal to noise ratio, which given that o2, 02 > 0,
is strictly greater than one. The RHS depends on the correlation between Z and U. Recall
that @ is the residual variation in Z after U has been projected out, therefore Q7/Q > 1,
with Qz/Q = 1 when corr(Z,U) =0 and Qz/Q — oo when corr(Z,U) — 1 and Q — 0. It
follows that when corr(Z,U) = 0, the SIV estimator will have strictly lower variance than
the TSLS, and when corr(Z,U) — 1 the SIV will have greater variance than the TSLS.
Intuitively, when corr(Z,U) = 0 this is exactly the case in which controlling for additional
covariates would lower the variance of the OLS estimator of # when R is randomly assigned
(e.g. in an RCT). As the correlation between Z and U increases which variance dominates
will depend on the signal to noise ratio. We investigate this trade off in the simulation
exercise and the empirical applications and find that often the SIV exhibits lower variance
than the TSLS.
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5. Extensions
5.1. Combining SIV with additional estimators
The set up described under Assumptions 1 and 2 highlights a trade off between using the

instrument variation to address the endogeneity bias due to the correlation between ¢ and
7 and incurring an omitted variable bias due to the instrument’s correlation with the un-
observed term g F;. The synthetic IV estimator can address these biases asymptotically in
regimes in which o, is small relative to the variation in u;F; as we highlighted in section
4. However, when o, is large the endogeneity concern becomes more important than the
omitted variable bias and, therefore, we might be able to design an estimator that addresses
this bias more directly. With this in mind, we consider an additional estimator that will
perform better in cases in which the noise level is high, and propose an ensemble estimator
as a ‘doubly robust’ alternative to the synthetic IV.

Suppose that the instrument also follows a factor structure, such that Z;; = Z!G, for factor
loadings Z; and common factors G;. This is the case in shift share designs such as the Syrian
refugee example or the China shock study. In such cases, a natural estimator robust to noise
€;; is one that computes the synthetic control weights after projecting the outcome variable
in the instrument space. The intuition for this estimator is that the outcome Yj; is noisy
due to the unobserved error €, but given our partial instrument validity assumption 2, after
projecting the outcome in the instrument space we partial out the noise.

The projected synthetic estimator can be computed similarly to the SIV estimator, with an

additional step.

1. Project to instrument space: fort < Ty, let Y., = Z(Z'Z)"1Z'Y;, where Z = (Zy, ..., Z;)
and Y; = (Y, ..., Yy) are J x 1 vectors.

2. Use the de-noised outcomes to compute the SC weights in the pre-period

@ € argmin ey [V — Y ul.

3. Define the de-biased quantities Y;I", ZJ, RY, accordingly for the projected weights 7.

4. For the post treatment period t > Tj, estimate the synthetic TSLS projected estimator
—1
6r = (Z ijRg) > zhvy
it it
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The performance of the projected estimator vis-a-vis the SIV will depend on the data gen-
erating process primitives. In cases in which the noise error term €; is more important than
the factor term p)F; the projected estimator will perform favorably. On the other hand,
if the factor structure (the signal) dominates, the projected estimator will perform worse
than the synthetic IV as it will fit the factor structure p.F; worse. To see this, consider the
bound in Theorem 1 for the projected estimator. In the appendix we show that with high
probability under Assumptions 1-4

1 ~ F?kc,c 1
—EF VAN g( z ) <2c —0,
Tt | & ; T
1 b 1 .
+E J_TZ’Yﬁ + 0E J_TZ|Rjt ;
O t<my Oit<my

where all the terms are defined in Assumption 3 and ¢ = 1+ C. This bound differs from the
bound in Theorem 1 in two important ways. First, the contribution of the noise term €2 to
the overfitting bias changes from scaling with \/TZO to scaling with \/LTT) This is because the
estimated weights ZZJJP dependence on the idiosyncratic shock ¢;; vanishes asymptotically given
that we are projecting into the instrument space and Z; L €;. Second, the pre-treatment
fit will be worse as the weights only use variation in the instrument space. Therefore, while
the projected estimator will be consistent under the assumptions and asymptotic regime
of Theorem 2, its finite sample properties will differ from those of the SIV estimator. In

particular, we expect the projected estimator to perform better than the SIV when

2(14+C)o
0< AL —ASIV <J [ 22220 12

— T() T() — \/TO ( )
where for an estimator a € {SIV,P} the expected pre-treatment fit is given by A% =
E | 75 > i<, |}~/J‘§|} + 0E [%TO > i<ty |}?jt|} Which means that in settings in which the
noise level is large (high o.) or the relative of number of units to pre-treatment periods is
not close to zero, the projected estimator may have smaller finite sample bias than the SIV.
While the bias itself cannot be evaluated directly in practice, by comparing differences in
pre-treatment fit (LHS in 12) and checking the noise level of a given empirical setting (to
evaluate the RHS in 12), we can have an idea of which estimator might be more or less
biased.

Given that each estimator has a different finite sample bound, that depends on different
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model primitives, we can construct an ensemble estimator that combines both estimators
and is robust to different sources of bias. For a hyper-parameter o/ € [0,1] we define the

ensemble estimator as
éE(ah> — ahéTSLS + (1 _ ah)éP’

The « hyper-parameter can be chosen through cross-validation in the pre-period to optimize
the mean squared error of the synthetic control estimator. The following steps detail how to

compute the ensemble estimator.

1. Split the pre-period into a training period 1,...,7, and a validation period T, +
1,...,Tp.

2. In the training period compute the synthetic control weights for each estimator, W’

and 10, and the debiased outcomes Y, and Yj,.

3. In the validation period choose a* to minimize the mean squared error in the validation

h\ P,T, Ty (|2
—  ||aVPT 4 (1 - oM YT
J(T() _Ty) HOK +< « ) ||27

where Y7 denotes the debiased outcomes for the validation period.
4. Compute the ensemble estimator in the post period as a*§75ES + (1-— Ot*)ép .

In the appendix, we show that 6F (ah) is a consistent estimator of 6 for any o’ € [0, 1],
and therefore, the cross-validated ensemble estimator is also consistent. The finite sample
improvement of the cross-validated estimator will, however, depend on the finite sample bias
differences between the estimators and the length of the validation period used to calibrate
the hyper-parameter. In the simulation exercise in section 6, we show that the projected
estimator performs well, with slightly worse performance to the SIV in low noise cases and
better performance in high noise cases. In the Appendix (section 1.8) we also propose an

alternative estimator based on a time-series aggregation scheme.

5.2. Alternative inference procedures

The asymptotic results in section 4 require that JT} — oo and J/T, — 0. However, in
many shift-share IV and synthetic control design settings the researchers may have at their
disposal a moderate number of units and time periods. This is the case of our main em-

pirical application to the Syrian civil war. With this in mind, the literature has considered
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permutation based tests (Abadie et al. (2010), Abadie and Zhao (2022), Firpo and Possebom
(2018)) and randomization inference procedures (Imbens and Rosenbaum (2005), Borusyak
and Hull (2020)) as alternatives to asymptotic based confidence intervals. In this section,
we describe how a split conformal inference procedure can be applied in the context of the

synthetic IV. In the appendix, we describe an alternative randomization inference procedure.

Split conformal inference Our discussion in section 2 high-lights the use of reduce-
form event studies as a way to assess if there is unmeasured confounding in an instrument
Zy = Z; x Hy. In the Appendix (section 1.7) we expand our main theoretical set up to

include the event study designs. The event studies take the following form
Y=Y Oc(1{t =k} x Z)) + €, (13)
k#To

where, because Z; = 0 for t < Tj, in absence of unmeasured confounding, we have that
0, = 0 for | < T,. Therefore, in our linear IV design (1), testing the null Hy : 6 = 0 is implied
by testing that {6, = 0y, for all [ < Ty and k > Ty}. We propose a permutation based test for
this null following the split-conformal inference procedures of Abadie and Zhao (2022) and
Chernozhukov et al. (2021). The test can be implemented with any estimator of the event

study coefficients 6y, but we detail the procedure for the SIV estimator.

1. Split 1,...,Tj into a training period 1,...,T, and a blank period T, + 1,...,Tp.
2. Compute SC weights in the training period and define debiased quantities accordingly.

3. Run reduced form event regression as in (13) using the debiased quantities Y, and Z;

to get estimates {07, 1,...,07}.

4. Generate T} x 1 permutation vectors 0, = (éﬁ(l), .oy O0x(ryy) for m € II, where II is the

set of size T} combinations from Ty, ..., T.
5. Compute the permutation test statistic S(0) = 1/(T — Tp)||0]|1 for each 7 € II.

6. Compute the permutation p-value:

b= 3 USE) > 5(0m))
we|II|
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Under our design Assumptions 1-3, if additionally, Z;; = Z; x H, and {Fi}t>1, is a sequence
of exchangeable random variables independent of ¢;; and n;, it follows that tests based on p

are exact in the sense that under the null Hy, for o € [0, 1] we have that

1
a——<Pp<a)<la
1]

where P is taken over the distribution of {¢;, Fy, m;:}. Note that given that Assumption 3
ensures that €, and n; are i.i.d, it follows that for all 7, {e;, F}, n;} are exchangeable in ¢ and
the test exact validity result follows directly from Chernozhukov et al. (2021). For a result
that relaxes the exchangeability assumption we refer readers to Abadie and Zhao (2022).
The permutation based inference procedure is going to be exactly valid in settings in
which the time series structure of the unobserved confounder satisfies the exchangeability
restriction. This is in contrast to the CI based on the SIV variance estimator (10) which
are valid asymptotically under the regime of Theorem 4. In general, however, the power
of the permutation based tests may be smaller and will depend on the number of time
periods available and the noise levels. In the simulations, in section 6, we highlight the
complementarity of both inference procedures in detecting the true effects using the SIV

estimator.

6. Simulation study

In this section, we consider a simulation design calibrated to the Syrian empirical application.
In the appendix, we consider different simulation designs with varying number of units, time
periods, instrument strength, signal-to-noise ratios and number of factors. All simulation

designs follow the following data generating process

Yit = ORit + i, fr + €,
Ry = (vZip + ni) x 1(t > Tp),
Ly = Zégt * ]1(25 > To),

with time series structure

fi = Kpfio1 + upy,

gt = Kggi—1 + Ugt,
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and error structure
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To map our simulation study to the data, we set the number of time periods to 1" = 16, with

the intervention at T, = 10 and consider J = 26 regions. We target a relatively small true
parameter of —0.16, with o2 = 03] = 0.035 calibrated to the residual variance in the data
(noting that for some outcomes the variance is significantly smaller) and set 0% and v such
that the F-statistic is 150. Finally, we let the signal be given by ai = 0.25, consider one
factor k =1 (as it explains 98% of the variance in Y from PCA) and let the AR parameter
be k = Ky = K, = 0.5. Given this design, we proceed by varying p, p., py, which given 0%
changes the correlation structure between the unobserved terms and the instrument (Q/Qz)
and o, which given o, changes the signal-to-noise ratio (U’Q‘;U€2> to evaluate the performance

€

of the estimators in different settings.

Figure 5 shows that the synthetic IV estimator is able to correct the bias present in
the OLS and TSLS (with two-way fixed effects) estimators when there is endogeneity and
omitted variable bias. Panel (a) shows the case in which all estimators are consistent (no
correlation between R; and Uy or €;). In this base case, as expected, the synthetic IV
estimator performs similar to the OLS and TSLS estimators. In panel (b) we increase
the correlation between €; and 7;;, creating an endogeneity problem that can be addressed
using the instrument. The OLS estimator is now biased, while the TSLS and synthetic IV
estimators remain unbiased.” In panel (c¢) we introduce correlation between the instrument
and the unobserved factor structure, by setting p = p, = p, = 0.5, and the instrument
becomes invalid leading to biased TSLS estimates despite adding two-way fixed effects in
the specification. The synthetic IV on the other hand is approximately unbiased, and we
can reject that the estimated effect is zero at the 5% significance level. When we increase

the correlation to p = p, = p, = 0.7 in panel (d), the bias in the OLS and TSLS estimators

“In this design the bias due to the correlation between ¢;; and n;¢ is small given that their variances are
small relative to o, and o,. In the simulation table and in the appendix we consider designs in which this
bias is more important.
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Figure 5: Model comparison in simulations

Note: Panels (a)-(d) display kernel density plots for TWFE OLS, TWFE TSLS and the
synthetic IV. Panel (e) shows simulated event study estimates with 95% confidence bands
for p = p. = p; = 0.5. Panel (f) shows a histogram of max; [|[w'|jy and Y, ||w;||3 for
p = p. = pg = 0.5. Simulations are done over 10000 iterations with the parameters calibrated
to the Syrian example.
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increases, but the synthetic IV continues to exhibit close to zero bias.

To relate this simulation results to the ‘pre-trends’ discussion in Figure 5, panel (e) shows
the event study coefficients (over 10000 simulations). Before the treatment starts at Ty = 10,
the coefficients should be close to zero, as the instrument is not active. After the treatment
starts the variation in the event study coefficients should increase given that |#| > 0.% The
TSLS estimator shows large deviations in the pre period similar to those in the post period,
indicating the presence of ‘pre-trends’ and unmeasured confounding. On the other hand,
the synthetic IV limits the deviations in the pre period and also reduces the post period
variation, suggesting that it is partialling out part of the unmeasured confounding. Finally,
panel (f) in Figure 5 shows the density of the estimated synthetic control weights when
p = p. = pg = 0.5. The max col norm histogram shows the value of max; [[w'|[; = 3=, |wjil
across simulations. It shows that the weights are dense, with no one unit receiving all weight
across synthetic controls, and that the weight condition in Theorem 4 is likely to be satisfied
as \/J;iTl max; » i [wy| ~ 2.5/1/26 x 6 >~ 0.2.

To gain further insight into the behavior of the different estimators, Table 1 shows the
mean, variance, bias and mean-squared error of each estimator over 10000 simulations for
different correlations and noise levels. In all cases, the SIV outperforms the OLS and TSLS
(with two-way fixed effects) in terms of bias and mean-squared error, often by an order of
magnitude. Furthermore, the SIV exhibits close to zero bias in settings with moderate noise
and correlation levels. We compare the SIV to the synthetic IV for which we only debias the
instrument 6 (SIV Z in the table), the projected SIV and the ensemble estimator proposed
in section 5. As expected from the theoretical discussion, while 65 performs similar to SIV
for moderate correlation settings, as the correlation grows (@) becomes smaller) the finite
sample behavior of the SIV is better and 6, exhibits more bias. More so, also as expected,
the projected SIV performs worse than the SIV in low noise settings and high correlation
levels, but is robust to increasing the noise level. Intuitively, the projected SIV estimates
(and TSLS estimates) do not change much as o, is increased as the noise is orthogonal to
the instrument. With this in mind, the ensemble estimator that combines the SIV and the
projected SIV achieves better bias and MSE than the SIV in most settings.

In section 1.10.1 in the appendix we compare the SIV estimator with an estimator that

combines the iterative procedure of Bai (2009) and PCA to directly estimate and project

8Note that in this design across simulations we expect that the event study coefficients are centered at
zero, which is why both IV and SIV are centered at zero. However, within a simulation the coefficients
should be zero in the pre-period and non-zero in the post-period. Hence, the variation across simulations
gives speaks to the bias in the coefficients in the pre and post periods.
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out the factor structure. We find that directly estimating the factor structure leads to MSEs
comparable to that of the SIV estimator in cases with a small number of factors (with the SIV
exhibiting smaller bias). However, as the number of factors to estimate increases, the SIV
estimator performance only deteriorates slightly, while the PCA based procedure becomes
increasingly biased towards the TSLS estimator. This finding mirrors the discussion and
simulations of Imbens and Viviano (2023) in which synthetic control procedures are shown

to offer finite sample performance improvements relative to direct factor model estimation.

Table 1: Simulations calibrated to the Syrian example for different p = p, = p, = r and o..

r=0.5 r=0.7 r=0.9
Mean Var Bias MSE  Mean Var Bias MSE Mean Var Bias MSE
Oe = 1/2OSyria
OLS (TWFE) -0.018 0.018 0.142 0.038 0.096 0.024 0.256 0.090 0.244 0.023 0.404 0.186
TSLS (TWFE) -0.049 0.023 0.111 0.035 0.058 0.031 0.218 0.078 0.201 0.028 0.361 0.158
SIV -0.155 0.002 0.005 0.002 -0.142 0.003 0.018 0.003 -0.087 0.008 0.073 0.013
projected SIV -0.187 0.009 -0.027 0.010 -0.173 0.008 -0.013 0.008 -0.113 0.012 0.047 0.014
SIV + projected -0.156 0.002 0.004 0.002 -0.144 0.003 0.016 0.003 -0.092 0.008 0.068 0.012
SIV Z -0.142 0.003 0.018 0.004 -0.108 0.006 0.052 0.008 0.003 0.010 0.163 0.037
O¢ = O Syria
OLS (TWFE) 0.005 0.017 0.165 0.044 0.126 0.022 0.286 0.104 0.277 0.021 0.437 0.212
TSLS (TWFE) -0.049 0.023 0.111 0.036 0.058 0.032 0.218 0.079 0.200 0.028 0.360 0.158
SIV -0.151 0.004 0.009 0.004 -0.132 0.005 0.028 0.006 -0.056 0.013 0.104 0.024
projected SIV -0.188 0.011 -0.028 0.012 -0.169 0.011 -0.009 0.011 -0.092 0.018 0.068 0.023
SIV + projected -0.154 0.004 0.006 0.004 -0.137 0.005 0.023 0.006 -0.067 0.013 0.093 0.021
SIV Z -0.135 0.005 0.025 0.005 -0.092 0.007 0.068 0.012 0.037 0.011 0.197 0.050
Oe = ZJSyria
OLS (TWFE) 0.041 0.015 0.201 0.056 0.170 0.021 0.330 0.130 0.327 0.020 0.487 0.257
TSLS (TWFE) -0.049 0.025 0.111 0.038 0.057 0.033 0.217 0.080 0.199 0.030 0.359 0.159
SIV -0.144 0.008 0.016 0.008 -0.114 0.010 0.046 0.012 -0.013 0.020 0.147 0.042
projected SIV -0.189 0.017 -0.029 0.018 -0.163 0.018 -0.003 0.018 -0.064 0.035 0.096 0.044
SIV + projected -0.151 0.007 0.009 0.007 -0.125 0.009 0.035 0.011 -0.031 0.022 0.129 0.039
SIV Z -0.125 0.008 0.035 0.009 -0.070 0.011 0.090 0.019 0.075 0.013 0.235 0.068
O = 4USyria
OLS (TWFE) 0.090 0.014 0.250 0.077 0.231 0.019 0.391 0.171 0.395 0.019 0.555 0.327
TSLS (TWFE) -0.050 0.029 0.110 0.041 0.056 0.037 0.216 0.083 0.198 0.032 0.358 0.160
SIV -0.132 0.027 0.028 0.028 -0.090 0.019 0.070 0.023 0.037 0.030 0.197 0.069
projected SIV -0.187 0.029 -0.027 0.029 -0.152 0.034 0.008 0.034 -0.047 0.566 0.113 0.579
SIV + projected -0.144 0.022 0.016 0.022 -0.109 0.019 0.051 0.022 0.000 0.200 0.160 0.226
SIV Z -0.112 0.014 0.048 0.017 -0.045 0.017 0.115 0.030 0.110 0.017 0.270 0.090
Oe = SUSyria
OLS (TWFE) 0.147 0.013 0.307 0.107 0.302 0.016 0.462 0.229 0.474 0.016 0.634 0.418
TSLS (TWFE) -0.053 0.038 0.107 0.050 0.052 0.047 0.212 0.092 0.193 0.042 0.353 0.167
SIV -0.124 0.031 0.036 0.032 -0.062 0.041 0.098 0.050 0.081 0.049 0.241 0.107
projected SIV -0.181 0.060 -0.021 0.061 -0.155 0.513 0.005 0.513 0.036 2.163 0.196 2.201
SIV + projected -0.141 0.029 0.019 0.030 -0.095 0.093 0.065 0.097 0.063 0.486 0.223 0.536
SIV Z -0.100 0.025 0.060 0.028 -0.020 0.028 0.140 0.047 0.139 0.024 0.299 0.113
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Table 2 considers inference for the SIV estimator in our calibrated simulation design.
The upper panel checks the coverage under the null # = 0 in the setting in which the
common factors are exchangeable (k = 0). We average over 10000 simulations the coverage
of the 95% confidence intervals constructed according to 10 for the SIV estimator using the
estimated variance G%4; ¢, the permutation p-value (p) detailed in section 5 (with T}, = 8)
and the weight density max; ||w’||; from the condition in Theorem 4. Overall, despite the
small number of time periods and units (77 = 6, Ty = 10, J = 6), CI based on the variance
estimator 624, 4 exhibits close to nominal size in settings with moderate noise and moderate
correlation with the unobserved confounder. In cases with low noise level and low correlation,
the SIV exhibits slight over-coverage (as 674, ¢ is inflated by the d;; terms), and in cases with
high noise level and correlation, under-coverage. The under-coverage and finite sample bias
for high correlation cases is both due to the rate of convergence depending on the correlation
and a weaker first stage due to removing variation from the instrument (smaller @)). The
permutation p-value, by construction, has nominal size regardless of the correlation or noise
level, as can be seen by the average p being 0.5 across simulation designs. On the other hand,
once we check the power of the test to detect the small § = —0.16 effect in the lower panel
of Table 2, we find that the standard CI exhibit good power (60-90%) except in high noise
cases, while the permutation p-value is under-powered. This should not be surprising given
the small number of time periods and small effect. Overall, the good performance of the
standard CI for the SIV estimator, in contrast to the theoretical rates, can be attributed to
the synthetic controls balancing as the noise level increases. This can be seen by observing
that the weight condition (given by max; ||w’||;) improves with o, and remains bounded for
all simulation designs.

The key takeaways from the simulations are that the SIV performs well in cases in which
the TSLS and OLS do not, but that the estimator may be biased when the signal-to-noise
level is weak (high noise) or the correlation with the unmeasured confounder is very large (no
first stage). Another aspect highlighted by the theory and by reviews of best practices for
synthetic control estimators (Abadie and Vives-i-Bastida, 2022), is how the relative sizes of
Ty, Tt and J influence the behavior of the estimator. The consistency result requires requires
that both JT7 is large and \/m is small. In our baseline simulation we considered a setting
with JT} = 156 and \/m = 2.6, but with a strong instrument and signal-to-noise ratio.
In the appendix, we consider alternative simulation designs with different number of time
periods, units, and weaker instrument and signal-to-noise ratios. Overall, for the different

designs the same conclusions are drawn and the SIV estimator consistently outperforms the
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Table 2: Size and power simulations for p = p, = p, = r and 0. = Logyria-

HOZHZO(:‘{:O)

r=0.0 r=0.5 r=0.7
Coverage max; ||w']|, P Coverage max; ||w']|, P Coverage max; [|w'[; P
0.998 2.585 0.508 0.997 2.595 0.489 0.990 2.570 0.495
0.986 2.418 0.510 0.963 2.419 0.493 0.950 2.405 0.498
0.956 2.322 0.509 0.938 2.318 0.496 0.898 2.305 0.499
0.912 2.213 0.499 0.890 2.210 0.498 0.822 2.202 0.502
0.878 2.123 0.504 0.829 2.119 0.495 0.732 2.117 0.511
0.847 2.061 0.508 0.800 2.059 0.499 0.675 2.060 0.501
Hy:0=-0.16 (k =0.5)
r=0.0 r=0.5 r=0.7
Power  max; ||w'|l; p<0.05 Power  max;|w'];y p<0.05 Power max;|w'; p<0.05
0.910 2.593 0.568 0.865 2.609 0.502 0.855 2.602 0.410
0.865 2.439 0.294 0.794 2.442 0.260 0.788 2.455 0.187
0.813 2.349 0.203 0.707 2.347 0.178 0.712 2.360 0.130
0.726 2.247 0.150 0.592 2.247 0.127 0.592 2.252 0.104
0.619 2.153 0.114 0.447 2.150 0.090 0.455 2.154 0.086
0.490 2.085 0.088 0.347 2.081 0.090 0.319 2.080 0.088

TSLS and OLS estimators (with two-way fixed effects).

With the simulation results in mind, we propose four robustness checks that practitioners

should implement when using synthetic IV or similar estimators:

1.

Checking your first stage: the debiasing procedure leads to a weaker first stage as
variation is removed from the instrument. In cases with strong correlation between the
instrument and the confounder (small @) if the synthetic IV estimator exhibits a weak
first stage researchers should be worried about using an IV strategy and the synthetic

estimator.

Checking your pre-treatment fit: if the debiased outcomes exhibits large deviations
in the pre-treatment period or an event study design reveals pre-trends, it is likely that
the synthetic estimator will be biased and the signal-to-noise level too large for the

estimator to perform well in the researcher’s sample.

Back testing: given that the finite sample bias depends on the expected pre-treatment
fit, back testing the intervention an evaluating the fit of the estimator, with weights
computed in a training period, on a blank period can reveal whether the good pre-

treatment fit was due to over-fitting (high noise) or due to partialling out the con-
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founder. Additionally, researchers may implement the proposed permutation p-value
to test the sharp null that the pre and post treatment event study estimates come from

the same distributions.

4. Checking the weight density: ensuring that the synthetic control weights are not
disproportionately weighting a few units by looking at the distribution of weights can
reveal whether the asymptotic normality approximation is likely to be good in the

researcher’s empirical setting.

In the following section we implement these robustness checks when re-evaluating the

effect of the Syrian refugee crisis using the synthetic IV.

7. Empirical applications
7.1. Revisiting the Syrian refugee shock

With the SIV tool at our disposal, we now re-visit our analysis of the impact of Syrian
refugees on the salaried employment of low-skill natives. As detailed in section 3 we first
solve the synthetic control problem (3) using the demeaned data between 2004-2010.° Then,
we create synthetic regions with outcome Y°¢, treatment R°C, and instrument Z°¢ and
debias the data by subtracting the raw data with the synthetic data, generating Y., Ry and
Zi.

Before estimating the treatment effect via TSLS on the debiased data following step 2 in
section 3, we implement the quality checks detailed in 6 to ensure that we are in a setting
in which we can apply the SIV estimator. First, we check the matching quality in the pre-
period, since as discussed in the theory section, goodness of fit is necessary to get consistent
estimates using SIV. We plot the debiased wage-employment data (37) in panel (a) Figure
6a, where black dashed lines belong to the less intensely treated regions that received less
than 2% of refugees compared to their native population by 2016, and the green straight
lines belong to the more intensely treated regions. During the training period 2004-2010,
the debiased data is close to zero, which implies that we were able to match well on the
pre-treatment trends.

The second check we perform is to look at the first-stage using the debiased data, as the

partialling out procedure will make the first stage weaker. We plot the first-stage estimates

9Demeaning the individual regions is an important detail in the Turkish setting due to the large hetero-
geneity in development rates across regions. For example, Istanbul is the most developed region with the
highest employment rate in Turkey. No convex combination of other regions can match Istanbul on levels,
but matching on trends is feasible.
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Figure 6: Quality Checks
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Notes: Panel (a) uses the debiased data. The green solid lines belong to the intensely treated regions, the
black dashed lines belong to the rest, and the cutoff is 2% refugee/native ratio. The first-stage using both
raw and debiased data is plotted in Panel (b). The F-stat in the main first-stage is 154 with the raw data
and 218 with the debiased data. In Panel (c), the reduced-form estimates come from the event-study design
shown in equation (9). The outcome variable is the wage-employment rate of low-skill natives. Panel (d)
shows |Jw'||; for each Turkish region i, where w’ are the SC weights assigned to region i in the SC of the
other regions. Standard errors are clustered at the region level. The 95% confidence interval is plotted.
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in panel (b) of Figure 6b. In our case, the debiased data maintains a strong first-stage. In a
regression of R on Z while controlling for two-way fixed effects, the F-stat is 218. The third
check we perform is to look at the reduced-form using the debiased data. If the matching
was successful, i.e., the donor pool had regions with similar trends for all the regions in the
sample, then the event-study design on the debiased data should find estimates around zero
in the pre-period. As in the discussion of Figure 4, we estimate event-study regressions as
in (9) for Z; and Z; and plot the estimates Figure 6c. Adjusting for pre-rends, SIV finds
slightly stronger disemployment effects in the post-period.

To test for over-fitting bias, we perform back-testing. In particular, instead of using the
entire pre-period in the matching, we solve for the SC weights using data between 2004-2007
and follow the rest of the algorithm as specified before. We plot the estimates in Figure 6¢
in blue. Despite the reduced amount of time periods that we match on, the reduced form
does not find any placebo effect in the pre-period. All the estimates between 2004—2010 are
both quantitatively close to zero and statistically not significant, meaning synthetic distance
is successfully capturing the unmeasured confounder in the pre-period. Furthermore, we
compute the permutation p-value described in section 5 and find that p = 0.023, meaning
that we can reject at the 5% significance level that the post-treatment event study coefficients
are zero and jointly equivalent to the pre-treatment coefficients.

Finally, Figure 6d shows the /; norm of the weights each region has across synthetic
controls. Given that no one region receives a large amount of the weight, and the maximum
value (2.6) is small relative to \/JT; ~ 12.5, we are confident that the density condition of
Theorem 4 is satisfied.

It is worth further discussing why IV and SIV estimates differ less in the post-period
than in the pre-period in Figure 4 and Figure 6¢c. While it is impossible to know the exact
nature of the unmeasured confounding, some likely explanations can help understand the
nature of the pre-trend. As explained in Gulek (2023), the regions close to the Syrian border
are less-developed than the rest. Between 2004-2010, Turkey’s GDP per capita grew by
75%. The data suggests that the less developed southeast regions were “catching up” to
the rest of Turkey with higher salaried employment growth rates. This aggregate growth
period did not last as Turkey entered a recession in 2013. If economic growth in the pre-
period was the main reason behind the pre-trends, it is likely that these pre-trends would
not extrapolate into the post-period. The SIV is capturing this underlying change in the
unobserved confounder by not changing the post estimates by a considerable margin. The

presence of pre-trends does not necessarily imply a violation of the parallel trends assumption
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Figure 7: SIV and IV estimates.
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Notes: This Figure plots the IV estimates (éTSLS) in green circles, the SIV estimates (9~) in orange squares,
and the backdated SIV estimates in blue triangles for the three main outcome measures. 95% confidence

intervals are provided, in the case of SIV they are constructed using 6rsrs. The permutation p-values (p)
are 0.023, 0.013 and 0.032 respectively.

in the post-period. Although this principle is widely recognized in theoretical discourse, it
often receives insufficient attention in empirical studies. This oversight may stem from the
challenge of publishing research that identifies significant pre-trends without addressing them
through parametric techniques, like controlling for linear trends. In our case, adjusting for
linear trends would have caused us to overestimate immigrants’ effect on natives’ salaried
jobs.

The degree by which SIV and IV estimates differ in the post depends on the persistence of
the unobserved confounders. For different outcomes, IV and SIV estimates can differ more.
To show this in our context, we estimate event studies for the immigrants’ effect on the
salaried employment of low-skill men and formal salaried employment of low-skill women.
Figure A.2.3, in the appendix, plots the estimates. In the pre-period, whereas regions close
to border are observing a relative increase in men’s salaried employment as seen in panel (a),
they observe a relative decrease in women'’s formal salaried employment as seen in panel (b).
In both cases, SIV eliminates the pre-trends and adjusts the estimates in the post period.

Having seen how SIV addresses the pre-trend problem in the event-study designs and
satisfies the recommended empirical checks, we continue by implementing the second step of

the algorithm: we apply TSLS to the debiased data. We estimate the effect of Syrian refugees
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on low-skill natives’ wage-employment, and show heterogeneity by sex and formality. We
plot the estimates in Figure 7. As a benchmark, we first show the IV estimates. A researcher
using IV would find no effect on natives’ or men’s salaried employment, and find negative
effects on women’s salaried employment. However, using SIV, we find that Syrian refugees
lowered natives’ salaried employment in all cases. A 1 pp increase in the refugee /native ratio
decreases low-skill natives’ salaried employment rate by 0.16 pp for men and 0.10 pp for
women. As a robustness check, we also show the results that rely on estimated weights using
the only 2004-2007 as a training period. The results remain quantitatively and qualitatively
very similar. Accordingly, the permutation p-values reject the null effect (6 = 0) for all three
outcome measures at the 5% significance level.

It is worth highlighting how much our method impacts the economic conclusions in the
empirical setting. Turkey hosts the largest number of refugees in the world. Turkey’s three
most treated exposed regions (the ones that received the most refugees) observed an increase
in labor supply of more than 10% in just five years. Refugees, especially men, have a high
propensity to work: 87% of prime-age men are “employed” in Turkey (Turkish Red Crescent
and WEFP, 2019). Despite this large labor supply shock, in a short enough time period
where spatial markets are unlikely to equilibrate and despite male refugees’” having higher
employment rates than male natives, the standard IV finds no disemployment effects for
native men. Theoretically justifying this result would require either completely flat labor
demand curves (Borjas, 2003) or refugees to provide a substantial positive product demand
shock (Borjas, 2014). There is very little empirical evidence for both, especially considering
that Syrian refugees left most of their wealth behind while escaping a civil war. SIV reveals
that this significant labor supply shock has caused native disemployment in the short run

for both men and women, which is consistent with economic theory.

7.2. Revisiting the China Shock

SIV can be applied to any exposure and shift-share design. As an additional empirical
example, we estimate the effect of Chinese imports on manufacturing employment in the
United States following the identification strategy of Autor et al. (2013). The authors are

interested in the following regression (where we omit covariates for simplicity)

Yie = BXit + €3

(14)
Xit = 72y + Nt
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where Y, is the percentage point change in the manufacturing employment rate for region
i in decade t, Xy = >, siktg,gs is the import exposure, where s;;; is the industry-location
share at the beginning of period, and g;; is a normalized measure of the growth of imports

from China to the US in industry k. The import exposure to China is instrumented by

. . . . . . . hieh-i
the increase in Chinese imports by high-income countries: Z;; =), Sikt—19m ¢, where
Sikt—1 is the share of industry k in the previous period and g;,*" ™™ is a normalized measure

of the growth of Chinese imports to selected high-income countries. We focus on the TSLS
estimates from Tables 2 and 3 of Autor et al. (2013).1°

The paper considers 4 periods of data: 1970-1980, 1980-1990, 1990-2000, 2000-2007.
We denote these periods by their starting year throughout the exercise (e.g., 1990 refers
to the period between 1990-2000). The Chinese import shock takes place in 1990-2000
and 2000-2007. The growth in Chinese imports from high-income countries in 1990-2000,
gg%;oncome, predicts an exposure across US commuting zones via their pre-existing industry
structure. We denote this exposure as Z; 1990 and define Z; 5909 similarly, as the exposure
predicted by the growth in Chinese imports from high-income countries between 2000-2007.
Together, Z; 1990 and Z; 2000 constitute the shift-share instrument used as Z; = Z; 1990 1(¢t =
1990) + Zi 20001 (t = 2000). These two exposure measures have a correlation of 0.67 across
722 commuting zones, which implies that regions that have a high exposure in 1990 were
also likely to have an high exposure in 2000. This suggests that the trade shocks in 1990
and 2000 were unlikely to be i.i.d., and hence we follow the exogeneity of shares assumption
in this shift-share design (Goldsmith-Pinkham et al., 2020) as opposed to the exogeneity of
shifts assumption in Borusyak et al. (2022).

Dissecting the shift-share instrument Z;; into its two “exposure” components Z; 1990 and
Z; 2000 lends itself to an event-study design, as we already considered in section 2 (equation
(2). Figure 3 shows that the exposure shares predict decreases in manufacturing employment
in both 1990 and 2000, which is one of the core results in the China shock paper. However,
this figure also reveals that the correlation between the exposure shares and manufacturing
growth was positive in 1970, two decades before the Chinese shock, and has been decreasing
since then. For example, the coefficient estimate of Z; 1990 goes from 0.39 in 1970 to -0.28
in 1980. This pre-trend raises a concern regarding the validity of the ezogeneity of shares
assumption in this shift-share design because if this trend was to continue absent the China

shock, we would have estimated the same “negative” employment effects in 1990 and 2000.

10Tn Table 2, the IV estimates without covariates and some placebo checks are shown. Table 3 shows the
regressions with additional covariates.
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Figure 8: Reduced-form estimates using the 1990 and 2000 shares
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To apply the SIV estimator to the China shock example we follow the algorithm described
in section 3. We first solve the synthetic control problem for all of the 722 CZs, where we
match on the growth rate between 1970 and 1980, Then, we obtain the synthetic variables,
ySC 25C | 75C
periods and large number of donor units, the pre-treatment fit is almost perfect as can be
seen in Figure 8 panel (b). As discussed in Abadie and Vives-i-Bastida (2022) in these
settings it is likely that the synthetic control is fitting the noise, leading to over-fitting bias.

, and compute the debiased values Y, X,Z. Due to the small number of pre-

To address this in the appendix we re-do the analysis limiting the donor pool to the closest
100, 50, 30, and 20 donor regions according to the Euclidean distance.

We investigate the effects of the China shock on US manufacturing by comparing the IV
and the SIV estimates. We find that the SIV results are slightly smaller in magnitude, but
overall similar to the IV findings. Looking at 1990 in Figure 8 panel (b), we see that the
SIV finds a statistically significant decrease in manufacturing employment due to Chinese
imports, but the coefficient estimates are slightly smaller in magnitude than the IV estimates.
In 2000, on the other hand, we find quantitatively the same results as the original study:
adjusting for the pre-trends in 1970 and 1980 does not meaningfully change the estimates in
2000-2007.
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Table 3: China shock effect

1990-2000 2000-2007 1990-2007

(1) (2) (3)
25LS -0.888 -0.718 -0.746

(0.181)  (0.064)  (0.068)

SIV -0.588 -0.726 -0.703
(0.198) (0.070) (0.067)

Notes: The first row replicates columns 1-3 of Table
2 in Autor et al. (2013). The second row presents
the estimates using the SIV. The SC weights are esti-
mated using the manufacturing growth rates in 1970
and 1980.

Table 3 replicates the main findings in Autor et al. (2013). For the 1990-2000 period,
the TSLS estimates suggest that a $1,000 increase in import exposure per worker leads to
a decline in manufacturing employment of 0.89 pp. The SIV estimate for the same period
is 33% smaller, but not statistically different, at 0.59 pp. This confirms the intuition from
Figure 8 that adjusting for the pre-trend reduces slightly the China shock effect in 1990-
2000. The results for the 2000-2007 period and the two periods combined (1990-2007) imply
a decrease between 0.7 and 0.75 pp with little differences between TSLS and SIV. Autor
et al. (2013) also report IV estimates with additional covariates. We replicate their results
in the appendix in Table C.6 and find very comparable results between IV and SIV, revealing
that the unmeasured confounding might be well proxied by the set of controls.

Overall, our replication implies that despite the strong pre-trend between 1970-1990, the
IV estimates in 1990-2007 may not suffer from large biases due to unmeasured confounding.
A potential explanation for this is that the decline in manufacturing employment growth
suggested by the pre-trends flattens over time and disappears in the 2000s, leading to the
small adjustment in the 1990-2000 period and no adjustment in the 2000-2007 period as
reported by our SIV estimates.

7.3. The effect of search rankings

In this section we study an important question in platform and digital economics; what is the
effect of product rankings on producer outcomes? Many digital platforms guide consumers

to producers through search walls in which products are ranked according to ordered lists
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generated by a recommendation system. Some examples include search engines (e.g. Google,
Bing), product market places (e.g. Amazon, Wayfair, Alibaba), food delivery platforms (e.g.
Deliveroo, Uber Eats, Door Dash), travel comparison sites (e.g. Expedia, Google flights,
Kayak) or social medial platforms (e.g. Facebook, Instagram, Tiktok). Given the importance
of digital platforms, there is a growing literature in economics on the impact that rankings
have on producer and consumer choices (e.g., Athey and Ellison (2011), Ursu (2018), Choi
and Mela (2019), Hodgson and Lewis (2023), Compiani et al. (2024), Reimers and Waldfogel
(2023)).

A key empirical challenge in the literature is that of estimating the causal effect of chang-
ing the rank of a producer from observational data. Given that ranking and recommendation
systems are based on producer and consumer characteristics, observed ranks are endogenous.
For example, top search results in Google search are determined through an auction, and
therefore, advertisers with higher willingness to pay (which may be higher quality) are placed
higher. Similarly, in food delivery platforms and social media platforms recommendation en-
gines are trained on consumer and producer histories and therefore higher quality producers
may receive higher rankings. This problem is well understood in the literature and there
are a number of existing approaches to correct the endogeneity bias. For example, De los
Santos and Koulayev (2017) consider a control function approach, Narayanan and Kalyanam
(2015) and Moehring (2024) consider a regression discontinuity design, Ghose et al. (2014)
specify and estimate a simultaneous equation model, and Rutz et al. (2012) consider a latent
instrumental variables method. However, the validity of the different methods often relies on
strong assumptions, or specific empirical settings in which the recommendation assignment
function is known, which is why Ursu (2018) opts to analyze the results of a ranking A/B
test in which ranks are fully randomized. In this paper, we propose a new set of instruments
that can be used to study this question, show how the synthetic IV estimator can be applied
to deal with unmeasured confounding and validate our observational results using an A/B
test.

We provide new estimates of the effect of rank on producer sales in the empirical setting
of a food delivery platform that selectively offers preferential search contracts to some pro-
ducers. Producers with preferential search contracts see their position in the overall search
wall of the platform fixed near the top (e.g. fixed at position 2,3,5,7,11) for a specific period
of time. We use this type of fized contracts as an instrument for rank. Given that many
platforms offer preferential deals, sponsored slots, or promotion campaigns to producers, we

believe that these kind of IVs might be available in many important digital settings. The
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fixed contract IV may be good for several reasons. First, given that the contracts directly
change the ranks, the instrument is likely very relevant. Second, given that the contracts,
in general, do not change other aspects of the producer’s offering!! the exclusion restriction
may hold. However, it is unlikely that the producers offered the contracts where chosen at
random, therefore the instrument may be invalid due to unmeasured confounding. This situ-
ation is common in IV approaches to ranking systems. Rutz et al. (2012) note that common
instruments used in these settings (e.g. lagged rankings or lagged outcomes) are unlikely to
be valid due to omitted variable biases. In our setting, however, there is some hope. While
the fized contract IV may suffer from unmeasured confounding like the lagged IVs, we have
at our disposal a pre-treatment period for each producer; the period before the producers
were given a contract. Therefore, we are in a setting in which we may apply our proposed
synthetic IV estimator.

Our data, provided by a large global delivery platform, consists of a sample of one million
food delivery orders across six European cities between December 2022 and March 2023,
involving 240 thousand customers and 1633 stores of which 183 received a fixed position
contract (about 11%). The platform operates a marketplace for food delivery in which
restaurants/stores are ranked in a search wall that customers browse before placing an order.
The order/rank of the producers in the search wall depends on a recommendation system
(unknown to the econometrician) involving producer specific characteristics and histories as
well as order specific variables (such as geographical distance). Customers must scroll down
to discover new producers, with only a few producers being shown at any given time on the
screen (4 or 5 depending on the device used). The sample is chosen to include an A/B test
the platform performed in which ranks were randomized at the customer level. In January
and February 2023, 10936 customers where assigned to a treatment arm in which each week
the rankings on their search wall were randomly generated within their market (city). We
separate the A /B test data from the main dataset as a test set for validation. This allows
us to compare different observational methods against a randomized experiment benchmark
as in LaLonde (1986).

To study the effect of ranks on store outcomes, we aggregate the data at the store and
week level. The aggregation can be micro-founded under a consumer discrete choice model in
which consumer utility depends on common parameters that can be identified from aggregate

market shares (Berry, 1994). For an in depth structural model of the platform, producer

1Tn some cases commission fees are also simultaneously changed with the contract, but limited price
pass-through is observed. See Vives-i-Bastida and Sabal (2024) for a model of the platform.
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and consumer choices see Vives-i-Bastida and Sabal (2024) who use related data to study
the welfare consequences of preferential contracts in platforms. The observed data consists
of an outcome Y, the number of orders a producer i receives in week t, treatments R~ the
share of orders in which the producer was ranked in the top k£ = 5,8, 10, and an instrument
Ziw which consists of the share of orders in which the producer was preferenced. We do not
consider producers with Y;; = 0 for some ¢, as we are interested in the effect of rankings for
non-fringe producers that at least receive some orders on any given week. The instrument
satisfies the requirements imposed by our design in Assumption 1, as Z; = 0 for t < Tg,
where T{ is the start of the contract period, but Z; may vary both in time for ¢ > T and
across ¢ as producers have different preference contracts that vary across time. Therefore,
this is an example of an instrument Z;; that does not have a factor structure as in the shift-
share designs considered for the Syrian refugee and China shock studies. It is also important
to note that in this context it is likely that SUTVA is violated, as receiving a higher rank
implies other stores receive a lower rank, another reason to aggregate outcomes at the store-
week level is to mitigate this concern. We note however, that the estimates of all of our
estimators will suffer from this issue, making comparisons across estimators valid, and that
we see our estimated effects as lower bounds on the true causal effect.

As in the other empirical examples we can assess the validity of the fixed contract in-
strument Z;; by checking the first stage strength and by inspecting the event study based
on the reduced form. The first stage regression of RY on Z; (with two-way fixed effects)
shows that, as expected, the instrument is a strong predictor of the rank of a store (see
panel (a) of Figure A.4.5 in the appendix). Having a fixed contract increases the share of
orders in which the store ranks in the top 5 by about 8%, in the top 8 by about 22% and
in the top 10 by about 46%, with the first stage F-statistics being respectively, 158, 260
and 287. Therefore, we are confident that the fixed contract instrument is strong. To assess
the potential unmeasured confounding in the reduced form, we estimate the following event
study regression

log(Yi) = ai+ 6+ Y 0x1(t = Tg = k) + €,
k

where T; denotes the time of the start of the fixed contract by producer i. This regression
does not use the variation across units and time of the intensity of the preferential contract,
but it highlights the potential unmeasured confounders in determining which producers are
preferenced and which are not. Given that adoption of fixed contracts is staggered, we use

the imputation estimator of Sun and Abraham (2021) to account for potential dynamic effect
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contamination. Panel (a) of Figure 9 shows the estimated reduced form effects for the fixed
contract IV in black. It can be appreciated that while becoming fixed seems to initially
increase the number of orders by about 11% one period after treatment, there are clear non-
linear (U-shaped) pre-trends, with similar patterns appearing in the post-treatment period.
Intuitively, this may be due to the platform giving fixed contracts to stores that are in
different trajectories, for example stores that are expected to increase their sales and are in
an upward trend relative to others.

To deal for the unmeasured confounding highlighted by Figure 9 we apply the synthetic
IV estimator. We modify the procedure described in section 3 to account for the staggered
adoption of the fixed contracts. We compute the synthetic control weights for each fixed
contract unit ¢ using units that never receive a fixed contract and units that receive a fixed
contract after unit 7 (i.e. units j such that T} < T7) as the donor pool. Then, we generate
the debiased values Yfit, Rit and Z-t for t > T, g and estimate the synthetic IV estimator for
the post-treatment periods as in the standard case. Furthermore, given the large donor
pool and number of treated units we both trim the donor pool to only match units close to
each treated unit and drop the treated units with worst pre-treatment match. Our results,
however, do not depend on this and are robust to different trimming operations. In panel
(a) of Figure 9 we plot the synthetic IV event study estimates, using the debiased data,
in red along with the standard IV estimates (in black). The synthetic IV does not exhibit
pre-trends, as expected, but more importantly it also does not exhibit the U-shaped pattern
in the post-treatment period that the standard IV does exhibit. The synthetic IV event
study shows that after a producer becomes fixed the number of orders increases by about
10% over the following weeks.

Panel (b) of Figure 9 compares the fixed contract IV estimates, the synthetic IV estimates
and the estimates from the A/B test. Given that in the A/B test, rank is randomized at the
consumer level every week, the estimates should not suffer from omitted variable bias. We
find that producer rank has a large effect on sales. The A /B test estimates (in blue) suggest
that on average always being among the top 5 producers in the search wall on a given week
leads to an increase in the number of orders of about 46% with respect to not being in the
top 5. More so, as is common in the literature, we also find evidence of the effect decaying
with the rank. Being in the top 8 leads to a smaller increase in sales of about 30%, and the
effect for being in the top 10 is about 18%. When we compare the A/B test estimates to
the fixed contract IV estimates, we see that there is likely a positive omitted variable bias

despite the inclusion of two-way fixed effects. Respectively, the IV suggests a 86%, 49% and
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Figure 9: Fixed contracts IV: reduced form and first stage
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Notes: Panel (a) shows the reduced form event studies for the fixed contract IV (black dots) and the synthetic
IV (red triangles) using the Abraham and Sun (2020) estimator. The y-axis shows the number of orders in
logs. Panel (b) shows the estimates of the effect of EQ for k£ = 5,8,10 on the log number of orders for the
fixed contract IV, the synthetic IV and OLS for the A/B test sample. 95% confidence intervals are provided.



40% increase in sales from being in the top 5, 8 and 10 ranks, more than double the A /B test
estimates. This bias is in line with our reduced form discussion, since producers with higher
growth potential may be more likely to receive a fixed contract. Reassuringly, the synthetic
IV is successful in controlling the unmeasured confounding. The synthetic IV estimates (in
green in Figure 9) are closer to the A/B test estimates, being respectively 33%, 18% and
14%. More importantly, a statistical test would not be able reject that the synthetic IV
estimates are different from the A/B test for any of the rank treatments at a reasonable
significance level. This is evidence that the proposed estimator appropriately controls the
unmeasured confounding in a setting in which the IV estimator does not.

Overall, the application of the synthetic IV estimator to the rank effects example is
relevant because (1) it shows how a new class of IVs can be used to study the question of
how rankings affect producer outcomes in digital platforms (the fixed contract/promotion
IVs) and (2) it shows that the synthetic IV estimator is effective in dealing with unmeasured
confounding in a real setting in which we have access to an experiment to validate the

observational estimates.

8. Conclusion

In this paper we provide a new method, the Synthetic IV, to deal with unmeasured con-
founding in panel data settings in which researchers have access to an instrumental variable
that is only partially valid. By assuming a factor structure on the unobserved confounding
term we derive conditions under which a synthetic IV estimator that combines Synthetic
Controls and two-stage least squares is consistent and asymptotically normal. Through a
simulation study, we show that the estimator performs well in a variety of empirical settings
and removes the bias in cases in which TSLS and OLS with two-way fixed effects do not. We
further showcase the applicability of SIV in three empirical examples: studying the effect of
immigrants on labor markets using the Syrian refugee crisis in Turkey, studying the effect of
Chinese imports on US manufacturing employment and studying the effects of rankings on

producer outcomes in digital platforms.
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A.1. Theory

Throughout the appendix we introduce the following notation to refer to the debiased quantities:
€it = €t — Y, ki u?zsjcejt, as well as dropping the 'SC’ weight subscript for notational convenience.

Furthermore, we use T to mean T7. The appendix consists of the following sections:

1. Bound on ), Zitir.
2. Proof of Theorem 1.
3. Proof of Theorem 2.
4. Proof of Theorem 3.
5. First stage debiasing lemmas.
6. Proof of Theorem 4.
7. Results for event study designs.
8. Results for projected and ensemble estimators.
9. Randomization inference.
10. Additional simulation tables.

11. Data appendix and additional tables for empirical examples.

1.1. Bound on Y., Zyé;
Lemma A.1 (Bound on Zitéit). Under Assumptions 1, 2, and 3, for any 6 > 0,
. 52
P Z Zit€it| > 0 | S 2exp <_202JT062>.
i,t>Tph
Hence, as JT — 00, 55 >4 Zyéy 5 0.

Proof. First we show that the term has zero expectation given Assumption 3 and the independence
of the error terms €;;. The argument follows by noting that the SC weights depend only on €;; for
t < TO)

wa € argminwEWHY;‘To - Y—T]Q/w”Qv
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as only data from the pre-treatment period is used, here denoted as the (J + 1) x Ty matrix
Y7o, Therefore, wfc 1 € for t > Ty. Recall that by the law of iterated expectations if random
variables b is independent of z and a such that E[b|c] = 0 a.e., then E[ab|z] = 0. Using this fact,
under Assumption 2 it follows that E[eitwlst]Zit] = 0 for t > Ty. Similarly, for any injective function
h : Supp(w) — R it follows that h (wfc) 1 € for t > Tj and, consequently, Ele;:h (wff) |Zit]) = 0.

To apply these facts, we re-write the second term, dropping the ’SC’ subscript for convenience

E | Zi | € — Zﬁ){ngEjt =E [(Zit — Z"jywi)(eir — €_jyw;)]
JFi
=K [ZitE[fit — eLitwi’Zit] — Z’,itIE[wi(eit — €Litwi)’ZitH s

where the —i subscripts denote JJ x 1 vectors not including unit ¢ and w; denote the J x 1 vector of
weights for unit . Given that Ele;w;;|Z;] = 0 and E[eitw?j | Zit] = 0, it follows that both conditional
expectation terms are zero. Recall that for two vectors u and v, the following inequality holds

|u'v] < ||ul|so|lv]]1. Therefore, Assumption 2, it follows that for w € W for all i, ¢
|Zit = ZZwil <11 Zelloo(1 + Jwilly) < c2(1+C),

where Z; is the J x 1 vector of instrument values at time ¢. It follows by the triangle inequality
that

<(1+C)c.

E €it

it

§ Zit€it
it

Given that €;; are subgaussian and for ¢ > Tj independent of w;, it follows that €; — > ot uvfjcejt

is a linear combination of subgaussian random variables. The first term has variance proxy o?
and the second term has variance proxy ocllw;||* < C?0? as our weights satisfy |lw;||? < [Jws]|] <
C?. Therefore, &; is subgaussian with variance proxy 202C?. The result then follows directly by

Hoeffding’s inequality for subgaussian random variables (Theorem 2.6.2 Vershynin 2018)

P(Zzt@ 26) S]P’(Zat
it

it
52
<9 — .
~ 2P < 202(1 + C)%gJTag)

>6/((1+ C)Cz))
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1.2. Proof of Theorem 1

Proof. We start by re-writing the factor structure in terms of the outcome variable and in the
pre-treatment period
i;F, = Y — O0R;; — €.

Using the projection trick, we can rewrite ji; in terms of pre-treatment quantities:
fii = (Fr,Fp,) " Fr,(Y;" — R]> — &]°).

With this in mind, consider the object of interest

=" ZuF{(Fr, Fp,) " Fr,(V;° — 0R[* — &)

it

<Y N ZaF (PryFr) 7 Pr®| + > | ZuF{ (P, Fp) " Fr, Y| + 0 Y | ZuF{ (Pr, Fr,) ™" Pr, R}°|
it it it

<(1+0)c (Z!F' FrFr,)” 1FT0~T°!+Z|F{(FT0F%O)_1FTO?¢TO\+92|F{(FTOF%O)_1FTOR¢TO\>-

it it it

Zit il Fy

Where the inequalities follow from the triangle inequality and the bound for | Z;| < (14 C)c, which
we derived in Lemma A.1. For the first term bound we proceed as in Abadie and Zhao (2022) and
apply the Cauchy-Schwartz inequality and the eigenvalue bound on the Rayleigh quotient to bound

the factor terms for any ¢, s

F?k
(i ) < (35 )

To bound these terms in expectation observe that €; = F/(Fr, F:/ro)_lFTo €T, is a linear combination

of subgaussian random Variables and therefore it is itself a subgaussian random variable with

. P2k
variance proxy | =% where for notational convenience we use €1, = e . Therefore,
Toé T ’ 0

E[(Eiry — € imywi)ll < E[|(€imy — &y wi)]

(1+C)E Z|EZTO|

2

(1+0) Z‘QTO

)

(1+0C) ZE &,
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<21 +0) <F§k> \/gae

The first inequality follows from Jensen’s inequality. The second inequality follows by the triangle
inequality, the absolute value and expectation operator inequality and ||w;|| < C. The third follows
from Holder’s inequality with ¢ = 2 and Jensen’s inequality. Finally, the last inequality follows from
Rigollet and Hutter 2019 (Lemma 1.4) which bounds absolute moments of sub-gaussian random

variables. It follows that

E(|F(Fr,Fr,) " Fr,(eir, — €_imywi)|] = E[|(€im, — @iy wi) ]
sz [J

For the term involving Y we get that

S I ) i < () 15
it it t<Top
T F?k ~

1,t<Tp

Dividing by T'J it follows that the term is bounded by

<F2k) JlTO > Yal= (F;k> MAD(Y™).

0 1,t<Tp

where MAD(Y™0) = JLTO dit<Ty |Yi¢|. An equivalent bound can be derived for the term involving
R which will depend on M AD(RTO). The bound then follows from the proof of Theorem 1 and
by Jensen’s inequality applied to the absolute value. Consistency would follow by an application

of Markov’s inequality if the MAD terms are approximately zero. O

1.3. Proof of Theorem 2

Proof. The proof follows the proof of Theorem 1 by bounding E [ T, D it<Ty |1~/Jt|] It is useful to
re-write the SC problem in matrix form. Let W be the J x J matrix of weights from program (3)
where each row’s sum is bounded by C and diag(W) = 0. Then the J x Ty matrix Y70 can be
re-written as Y70 — WY 0. It follows that the Frobenius norm of the matrix [|[Y70[% = 37, <Th Y72

is bounded as follows

Y5 = YT — Wy o |f < [V )5 + WY ™%
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< YU+ [WIEIY )%
< YR+ C%)
< 7o (1+ C2).

where the first inequality follows by the triangle inequality. The second by the bound on the frobe-
nius norm of a matrix product. The third by noting that for w; € W each row of W summed is
bounded by C and |Jw;||> < |Jws]j1 < C? which implies |[W|% < JC?. Finally, the last inequal-
ity follows from A4 as [|[YT0||2 < ||YT0||37. Next, observe that > i<ty 1Yitl = lvec(YT0)||? and

|[vec(YT0)||3 = ||[YT0||%. So by the inequality between [; and Iy norms,

Y Yiel = llec(Y ™) |1 < VI Tpllvec(Y ™) |2 = /I Tl YT .

it<Ty

Given the previous derivations we get the following bound

1 _ JITy — /0 1
= V| < Y220 o5 1+ OO < /oy Cyf= .
JToi;O‘ il = o Vme(l+ Ch) < ﬁm(\/m—ir To)

A similar derivation for the term involving R yields

1 ~ VJTy —— — 1 1
— Ryl < X—— 1+C2J) </ —+ O/ = |.
JT, ;T el < g, Vreo2(l+ C2J) < Vrao <m Ty TO)
0140
The first part of the result then follows by noting that for a bounded random variable | X| < K,
E|X| < K. The consistency part follows by an application of Markov’s inequality. O

1.4. Proof of Theorem 3

Lemma A.2 (U projection consistency). Under the assumptions of Theorem 3 it follows that as

JT — oo .
— | =wW)U|; & o

where ||-||1 denotes the sum of the absolute values elements of the matrixz, I denotes the Jx J identity

matriz, W denotes the J x J matriz of weights from solving program 3 with diag(W) =0 and U

denotes the J x T matriz of unobserved factors p,F;. Furthermore, it follows that as JT — oo,

1 .
ﬁ|’W_PU‘|F 5o,
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where ||-||r denotes the Frobenius norm, the sum of squared elements of the matriz, and Py denotes

the projection matriz U(U'U)~U" for J x T matriz U.

Proof. From the proof of Theorem 1 we have that under the Assumptions 1-4 as JT — oo

1 .
7T Z | Fy| 0.

1,t>Tp

Re-writing this statement in matrix form yields the first part of the proof. Let U be the J x T
matrix with entries p;F; and W be the J x J matrix with zero diagonal elements and with each
rows W}/, where W} is the vector with entries equal to the weight vector w; from program (3) with

a zero in position i. Therefore, we have

ST EF =310 - W)U =l - W)U,

3,t>To 4,t>To

and given the results from Theorem 1 it follows that as JT — oo

||(I W)U = —Zr IFy 50,
4,t>Tp

which given that the LHS is non-negative and the RHS converges to zero in probability, implies
the first part of the lemma.

For the second part, we are interested in the following object

W—PU:W—PU—i-WPU—WPU
=(I—-P))W—(I-W)Py.

By the triangle inequality we need to show that the following two objects on the LHS converge in

probability to zero
IW = Pyl < |(I = W)Pullr + (I = Po)W |l (A1)

Define a linear operator gy : RT*7 — R/*/ such that gy7(A) := A(U'U)~'U’. Under Assumption
3 we have that (U'U)~! is invertible as the common factor matrix FrF5 has bounded lowest
eigenvalue and the factor loadings p; are bounded. Furthermore, given the bounds on the factor
terms we have that gy is a well defined bounded continuous linear operator. It follows by an

application of the continuous mapping theorem for bounded functions that as JT' — oo

1 . 1 - »
(= W) Pyl = —=llgu (1= )0 o,
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and convergence in the Frobenius norm follows from the l1-lo inequality (for a vector a, [|a|l2 < |la||1)-
A similar argument can be applied to show that the second term in A.1 converges in probability,

by noting that Py = P[; and therefore that the Frobenius norm of both terms is the same. O

Proof. Under the assumptions, Lemma A.1 and Theorem 3 show that both JLTZ” Zité'it and
J% D it Zitﬂ;Ft are op(1). It remains to be shown that the first stage term ), R Z;; does not
go to zero in probability. Observe that

l = -~ 1 .
77 lzt Ry Ziyy = 7T izt('}’Zit + Ait + it) Zis
:7L222 +LZZ.A. +LZZ i
JT — it JT - 1t41qt JT . wt!it-
k2 KA (A

Under Assumptions 1-3 we have that J%“ Dot Zillis = op(1) by Lemma A.1, given that the same as-
sumptions for €;; apply to 7;;. Similarly, given Z;; | Aj;, that Z; is bounded, and % > >To A B
0 as JT — oo, it follows that JLT D it ZipAy = op(1). Next, we show that the first term does not
vanish in probability. Consider a T' x J matrix Z for the instrument Z;; and an equivalent matrix
Z for the debiased instruments Z;;. We can express Z in terms of Z and W, the J x J matrix

*/

with zero diagonal elements and with each row w;’,

where w; is the vector with entries equal to

the weight vector w; from program (3) with a zero in position i,
Z=0-W)Z=(I-W+Py—Py)Z=(I—-Py)Z+ (Py—W)Z.

Recall that by the triangle inequality, for a norm || - | and matrices A, B it follows that ||A+ BJ| >
[|A]l = || BJ||- Using this inequality we have that

1Zllp = (I = Pv)Z + (Py = W)Z]|r
> (|I(I = Pu)Z||r = ||(Py = W)Z]|r|
> (I = Po)Z|F = |(Py = W)Z]|r
> (I = Po)Z|r = [[(Pr = W)llol Z ]2

where the last inequality follows from the generalized Holder inequality for matrices, with the norms
respectively representing maximum row and column sums. Given that |Z;| < ¢, for all i,t it follows
that || Z]]; < Jc,. By Lemma A.2 we have that as JT — oo

1 .
ﬁ||(PU—W)’\1 50, (A.2)

and given that Py is symmetric it follows that the same is true for the infinity norm | - ||, an

AT



note that given Lemma A.2 it is sufficient to have that T , Ty — oo for fixed J. Therefore, we have
that as T,Ty) — oo 75 |(Py — W2 Z||% < % |[(Py — W)|l1 & 0. For the term involving Py, let
My =1 —Uyp, (U Ugr,) U, and Zyp = vec(Z), then

ZyrMyZyr = Zyp MMy Zyr = (MuZyr) (MyZyr) = [|MuZr|3 = (I - Po) 2|,
as My is idempotent. Combining (A.2) with J%Z}TMUZ 75 Q> 0as JT — oo from Assumption

4, we have that as JT — oo

1

1 ~

it

It follows that this term is bounded below in probability. A similar argument yields that it is also

bounded above in probability, since by the triangle inequality

1 = 1 A
7\\2\‘%:ﬁ\\(I—PU)Z+(PU—W)Z\|% (A.3)
1 1 .
— I = P)Z||% + == |(Py — W) Z||%. A4
T = Pu) 2l + =l (Py = W) Z|F (A.4)
which converges in probability to @ as JT — oo by the same argument as above. It follows by the

dominated convergence theorem that JLTHZ |2 % Q. Therefore, we have that the first stage terms

are Op(1). Finally, consider the synthetic IV estimator decomposition

—1 /
P 1 ~ o~ 1 .
TSLS __ P .
0 =0+ ﬁ Z Zit R ﬁ Z Zig | i — Zw” 122 F
1,t>Tp 1,t>Tp jF#i
+ Zzt €it — Z ASC
'L t>Th jFi
_9+0() 0,(1)o,(1)

=0+ o0p(1)

Given that in the proof of Theorem 2 we bound away the contribution of the instrument Z;;, the

same proof can be applied for Z;; for 0?,%’35 . Furthermore, observe that
Z2'2=72'1-WYZ=2'"( - P)\Z+ Z'(Py —W)'Z (A.5)
and that because Py is symmetric and idempotent, a corollary of Lemma A.2 is that %HVAV’ —

Pyll1 — 0 in probability as JT — oo since |W’ — Py|r = ||(W — Py)||r = |W — Py||r. Therefore,

A8



it follows that as JT — oo )
ﬁ’\(PU ~-W)Z|E 50
gTSLS

by the same argument as for and the same probability limit holds for the first stage term.

To show the consistency for GESLS observe that the equivalent decomposition (6) for the estimator

involves bounding in probability the following term
DN ZupiF| =Y |12/ = W) ULl = | 2'(1 = W)U,
it it

where || - ||1 denotes the sum of the absolute value of the entries norm. Given that Py is symmetric,
a corollary of Lemma A.2 is that 7 ||(I — W)YU||1 = 0 in probability as JT — oo since ||[W’ —
Pyllp = |(W = Py)||r = |W — Py||p. Therefore, by bounding Zi;, by Lemma A.2 we have that
JiT it |Z¢tu;~Ft| 20 as JT — co. The same argument as for é;%LS for the first stage applies by
noting that the same Z;tZ;; term appears. O

1.5. Debiasing instrument 7/

As noted in the main text debiasing the instrument is not a necessary condition for the consistent
estimation of §. In this section we note that while this is the case, debiasing the instrument can
lead to better finite sample performance. In Lemma A.3 we derive a probability bound for the
unobserved factor term in decomposition (6) for the cases in which the instrument Z or Z is used.
The Lemma shows that both lead to the same rate, but with a different constant. If Z is used
the rate is multiplied by J%Z’ Z 5 Qy, the variation in the instrument Z. While, if Z is used the
rate is multiplied by @, as described in Assumption 3, the variation in the instrument once the
unobserved confounder U is projected out. Given that Q < Q7 by defition we expect debiasing
the instrument to lead to a better finite sample rate. On the other hand, one might think that
debiasing the instrument leads to a worse first stage. While this may be true, it is not guaranteed
that using Z will make the first stage worse. Under additional assumptions Lemma A.4 gives
conditions under which using the instrument Z leads to a weakly larger, but similar, first stage
when we condition on the weights w. The intuition for the result is that Z'Z appears in the first
stage when the instrument Z is used versus Z'Z in the case in which Z is used. Suppose informally
that Z ~ (I — Py)Z, where Py is defined as in Assumption 3. Then, Z'Z ~ Z'(I — Py)Z and
Z'7Z ~ 7Z'(I — Py) (I — Py)Z = Z'(I — Py)Z because I — Py is idempotent. Therefore, in both

cases we do not expect the first stage to be very different.

In a simulation exercise, we plot the distribution of the empirical correlation between U, R and Z

and Z in the context of our simulation design in section 6. As can be seen in Figure A.2 in the
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appendix simulation section, debiasing the instrument may matter a lot to reduce the finite sample
correlation between the unobserved confounder and the instrument, but does not change the first

stage significantly.

Lemma A.3 (Probability bounds on Z'U, Z'U and Z'U ). Suppose in addition to Assumptions
1 —4 that 5 Z’Z 2 Q4. Then, under the assumptions of Theorem 4 it follows that as JT — oo

1
ﬁ Z ‘Zzt:uth <P QZ X R(T7 T07 J)7
it
1 ~
ﬁ Z |Z’Ltlu"/LFt| SP V QZ X R(T7 TOa J)7
ot

1 5
7T Z |Z’Lt,u;Ft| SP Q X R(T7 Tﬂa J)?
it

where <p denotes bounded in probability and

F2ke J o o 1 [T
R(T,T(),J) = < ¢ ) (20m06+ (7’10'1 +97“20'2) \/ﬁ To

)

Proof. We start by noting that under the Assumptions of Theorem 2 we have that for the JT x 1
vector U = [ Fy )it

fore=1+C.

1
VJT

where the inequality follows from the proof of Theorem 4 as the proof uses a bounding argument

]EHﬁ 1 \/7 Z E|M1Ft| < R(T7T07'])7

i,t>To

to account for Z. Next, define the JT x 1 vector of instruments Z = [Zit]ir and observe that by

the Cauchy-Schwartz inequality and the [1-lo norm inequality we have that

1 1 - 1
—1Z'T| < Z||2||T z Ul <p ——||Z||2R(T, Ty, J),

712U] < || 2[|U]]2 < F” IIQFH I <p \/J—TII 12R(T, Ty, J)

1 =~ 1 - 1 -

—12'T| < Z U Z Uy <p ———||Z|2R(T, Tp, J),
712U F” |I2F|| 2 < F“ IIzmll I <p \/J—TII 12R(T, Ty, J)

where the last equality follows by applying Markov’s inequality given that the expectation of the
absolute value is bounded by rate R. The first result then follows by applying the continuous
mapping theorem for the square root as %HZ 113 2 Q4. The second result follows by a similar
argument to the proof of Theorem 2. As in the proof of Theorem 2, define the T x J matrix Z,
the J x J projection matrix U and the J x J weight matrix W. Then, we consider the following
decomposition

1Zll2 = (1 =W)Z|p = (I - Pu)Z + (Py = W)Z| %

A10



In the proof of Theorem 2 we showed that 1Z||2 2 Q as JT — co. Therefore, by the continuous

mapping theorem applied to the square root it follows that

L s p
——\Zllz & VQ,
—I1Z]: % \/Q

which combined with the bound shows the first part of the proof. For the case of Z'U, we show
that it is equivalent to the Z'U case. We have that

Yo ZiiFr =Y 112/ (1= W) Ula| = 12'(1 = W)U,
it it

where ||-||1 denotes the sum of the absolute value of the entries norm. Given that Py is symmetric, a
corollary of Lemma A .2 is that - (I—W)'Ul|; — 0 in probability as JT — oo since |W'— Py||p =
(W — Py)||p = |W — Py||p. Therefore, by Lemma A.2 we have that J—lT St | Zitid Fy| 20 as
JT — oo with the same rate R(T,Tp, J). O

Lemma A.4 (First stage debiasing). Suppose that Zy = Sy + p;Fy and Ay = 0, where Sy is
an i.i.d random variable such that Sy L Uy and E[S;] = 0 and E[SZ] = o%. Then, under the
conditions of Theorem 2, for W = Ay, conditional on the weights w, it follows that as JT — oo

15 5 o =
- E Rit Zit — 7§,

JT 5

1 = P 2
— E Ryt Zit — o3,
JT %

where 0'% <¢éL 20%.

Proof. Under the assumptions, the first stage in the case in which the instrument is debiased and

in the case in which it is not is given by, respectively
1 L~ 1 =9
IT Z RyZi = I Z Sit + op(1),
it it

1 ~ 1 -
T ; Ry Ziyy = V57 ; SitSit + 0p(1),

where the 0, (1) terms are the terms involving Zitﬁit and Z;;n;; which converge to zero in probability
by Lemma A.1, and the terms involving /i, F; which converge to zero in probability by Theorem 1.

Furthermore, by taking expectations with respect to S;; conditional on the weights ; we have that

All



ZIE S2] = o2,

1
ZE [SEI(1+ llwill3) = Uiﬁ Z(l + Jlwsll3)-
it

1 -
7T > SiSi
it
1
77 2
Given that the weights are in WW = A, the simplex, it follows that 1/(J —1) < ||w;||2 < 1, so for all

J and T we have that 0% < 0255 >, (1 + [w;|[3) < 20%. The result follows under an appropriate
LLN. O

E

1.6. Proof of Theorem 4

In this section we provide a proof of Theorem 4 and an additional discussion in which we show
that we can relax the conditioning on the weights by using a martingale representation of matching

estimators as in Abadie and Imbens (2012).

Proof. We are interested in the following quantity for a given set of weights w and instrument Z:

/

~ —1
VIT(OTSLS — g) 1 S 1 > sc
=== ZuR; > Zy =) w2 | F
i JT ; o UiV JT ; ‘" Z s t

v —
JT JF

(A.6)

~1
1 _.
NER zz-tRit> e DI L S
(JT it vV IT i
where the conditional variance is given by v}, = \/% S var(Zyéy | Z,w). First, we show that
the bias term depending on pF; in (A.6) is 0,(1). The argument is the same as in the consistency
theorem, but with a different rate. Note that from the proof of the consistency theorem (Theorem

3) that under Assumptions 1-4 we have that

Z|Ft FTOFTo) 1FT()}[TO| < <F k) Z‘ Z th

ﬂ 0 it t<Tp

-2 (8 %

1,t<Tp

So, dividing by vJT and using the bound on the pre-treatment mean absolute deviation as in
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Theorem 2,

1 - VT (F?%k
LS \RE ) T < () S [
JT it ’ ToV'J n it<Ty
T [(F%k
0

Therefore, the first term is o,(1) when 1/%(1 + J)ro1 — 0. Similar argument follows for the R;;

term.

Next, consider the sum in the second term in (A.6) and re-write it as follows

5 Zztezt—E Zzt 62t g wljejt

J#

= g Gzt Zit — E th]z
JF#i
= g €it (it
it

where a;; = Z-t -3 ot thwﬂ. Let X;; = €;;04. Given Assumption 4, it follows that conditional
on Z and w, X;; is an i.i.d random variable with mean zero and variance 02a2t Indeed, we have
that E[Xu#|Z,w] = auElex]Z,w] = 0, and V(Xy|Z,w) = Ele;rain| Z, w]) = a3E[en]Z, w] = a3o?.
Next, let s2, = 3., var(Xy|Z, w) = 02||@||3 and consider the Lindeberg CLT condition for § > 0
conditional on Z and weights w

1

SJT
—— Y EBIX71{|Xu| > 0sy0}] = =5 O Eleiaf1{Jen| > 6—==}]
4 agnanz B \

JT
0_2” ||2 ZE Ztalt1{|elt|>5
it

mazis| Q|

| /\

mazit ’ait |

~ SJT
= 2” ~H2 Zazt]E 7,t1{’€Zt’ > 57*'}]
it

SJjr

1
02 [ezt {’6“’ maxit‘dit’

€

We start by showing that %}F&M — 0 as JT — oo with high probability. Note that

mazi|dy] < c.(1+ C)(1+ |wiy),
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where w! denotes the vector of weights assigned to unit i across the J — 1 synthetic controls for the
other units. A simple bound on |[w!||; is given by ||w||; < CJ, so mazi|a| < c,(1+C)(1+CJ).

For the denominator, we show that under our Assumptions as JT — oo
1 ~112 p
— || 0.
llalB

We do so by re-writting the object of interest in matrix form for J x T matrices Z, Z and J x .J
matrix of weights W. By the triangle inequality and the generalized Holder inequality for matrices,

we have that

lalI3 = 1Z - W' Z|%
=T -W)Z-W'(I -W)Z|
> (I(1 = W)Z||E — W' (1 = W)Z| %
> (I(1 = W)Z|[E = [IW' (1 = WIS 2]

By the proof of Theorem 2 we have that /(I — W)Z||% 2 Q > 0as JT — oco. For the second
term in the last inequality, note that the instruments are bounded, so we have that ||Z|; < Je,.

Let Py denote the J x J projection matrix for unobserved confounder J x T matrix U. It follows
that, Py (I — Py) = 0. Then, consider

IW'(I = W)|% = IW(I = W)i = I[W(I - W) - Py(I - Py)|i-

By Lemma A.2 we have that \/%HW — Pyll1 B 0as JT — oco. It follows that W =W =
|W(I —W') — Py(I — Py)||? & 0. Therefore, as J/T — 0 we have that @)} > Q with
high probability. It follows by an application of the continuous mapping theorem that with high

probability,
maw;t| | < (1/VJT)e.(1+C)(1+CJ) _ J c.C*
sjT 1/v/JTo.||all2 ~PNT oG
Therefore, as \/J/T — 0 we have that ™2Ztl%tl _ o In the case in which we condition on a

SJT

weight sequence such that ||w?|; < ¢, for all i, it follows that max|di| < c.(1 + C)(1 + cy), s0
the requirement that y/.J/T — 0 is no longer necessary and the rate holds as long as JT — oc.

The Lindeberg condition holds by the Dominated Convergence Theorem given that €; is i.i.d and
has bounded fourth moments. Therefore, we have that as JT — oo and either J/T — oo or for all
i7 sz”l S Cy < 00,

1 ~ 1 - d
—_— Zit€ip = — Zi€iy — N(0,1).
\/JiTU?T Z it€it ST %: it€it ( )

it
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Combining this result with the first stage terms in (A.6) we have that under the same rates of

convergence

VITO™H = 0) 4 -1y, 1),

Vi
where we used Slutsky’s theorem and the fact that as JT — oo % D it Z-tfiit EN Q). Define v,
as the probability limit of the conditional variance estimate v, = \/% S uvar(Zuéy | Z,w) as
JT — oo. It follows by Slutsky’s theorem that

VITOSYS ~6) o
vjT

N(0,1),

where vy = Q*2plimﬁ D it var(Ztét | Z,w).
L]

Discussion of weight conditioning Note that conditioning on the weights and instrument is
equivalent to conditining on the pre-treatment period outcomes and treatments. Hence, it is possible
consider a martingale representation as Abadie and Imbens (2012) do for matching estimators in
which the information set is the pre-treatment period outcomes. Suppose for simplicity that we
are in a setting where R;; = 0 for t < Tp and W = Aj_1. Then, define the partial sums for a given

time t as
k

Sk =Y Zuéu,
=1

under our assumptions it follows that
E[Stsks1 | Serty- - Sean] = Bl Ziéy | Seary- - Sear] + Seax = San,

where the condition expectation is zero given that conditional on the weights w under our error
independence and partial instrument validity assumptions the instrument and the error term are

uncorrelated when t > Ty as shown in Lemma 1. Furthermore, define the martingale difference as
Xigk = Stsk = Stan—1= Zéne,

and the information set is given by the generated o-algebra F;j = a({YlTO, e YkT_Ol, Zity vy Z—1t})
as the weights depend only on the outcome values in the pre-treatment period. Therefore, conditing

on F;ji is equivalent to conditiong on the weight vectors.

We can now apply the martingale CLT (Theorem 3.2, p. 59 from Hall and Heyde (1980)):

Theorem A.1 (Martingale CLT). Let {Sy;, Fni, 1 <i < ky,n > 1} be a zero-mean, square-integrable
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martingale array with differences X,; and let n* be an a.s. finite random variable. Suppose (1) a

Lindeberg condition, for all € > 0:

ST B (X21{| Xl > €} [Faio1) 220,
7

(2):
Vi, = E(X2|Fuic1) == 0P,

and (3) the o-fields are nested F,; C Fpy1,i for 1 <i<k,,n>1. Then:

d
Snkn = Zan — Z,

(2

where the random variable Z has characteristic function E exp (—%172152).

Condition (3) is easy to check given our definition of F; ;. We start with condition (1) and consider
ﬁXt Jk- We will show point-wise convergence. Note that conditional on F; s by applying Holders

inequality,

X 1 1/2
E [ﬁ{’q{Xukl > s}] < 7B (Xt 2P ({1 Xl > VT2 )

The second term can be further bounded by applying Chebyshev’s inequality and under Assump-

tions 1-3

var ()
JTe2

o2c?

— T€2 b

P ({|ka| > JTs}) <

where the conditional variance is bounded above by the sum of the J variances. The first expectation
term can be bounded by noting that the instruments are bounded and under the assumption of

bounded fourth moments of the error term

E [X;y] < GE [&,]

3¢

i

< AR

z

= ciJE [¢}] .
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Combining the two bounds we get that for X /v JT,

o\/macJ < J

Zk;E ((X”’“/\/TT)21 {‘X“’“/‘/TT’ - 5} ‘f”“) =JT JTVTe ~ VT

where E [e;‘-‘t] < my. Hence, as \/g — 0 Lindeberg’s condition (1) is satisfied point-wise. Next,
note that the variance term in condition (2) is bounded in probability and not 0,(1) by the proof of
Theorem 4. Hence, all conditions for the martingale Lindeberg CLT are satisfied and the normality

results extends to the case in which we do not directly condition on the weights.

1.7. Results for event study designs

To derive theoretical results for the event study designs using the SIV debiased values, we impose

additional assumptions on the instrument and the reduced form equation.

Assumption 5 (Event study design). The outcome of interest follows
Yie = 0:Z; + i Fy + €,

where 0, is the time varying parameter of interest satisfying 0y = 0 for t < Ty and the instrument

satisfies Z; L €, mit, |Zi| < ¢z, for alli,t, and, as J — oo,

1
jZ’(I —P)Z 5 Q.>0,

where Z is the J x 1 vector containing Z; for all i and Py = U(U'U)~'U’ is the projection matriz
for the J x k matriz of factor loadings U .

Note, that while Assumption 5 abstracts away from the instrument equation of the triangular
design in Assumption 1, it can directly be reconciled with our design. Consider plugging in the

instrument equation from Assumption 1 into the outcome equation and setting A;; = 0 such that
Yie = 0(vZix + mit) + i Fy + €.

Furthermore, suppose we have a factor instrument, as is the case in the event study designs, and
Ziw = Z; x Hy with Hy = 0 for t < Ty, then we have that 0; = v0H; and 0; = 0 for t < Tp.

Furthermore, the error term satisfies that €;; + 6n;; L Z; as required by Assumption 5.
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Under Assumption 5 we will show that the least-squares estimator for 6; based on equation
Y=Y 0p(1{t =k} x Zi) + e, (A7)
k£To

recovers the dynamic effect ; under the same additional assumptions as Theorem 2. The SIV least

squares event study estimator solves the following program for 6 € [61,...,071,—1,01,41, - - -, 0],

meinzt:(}}it = > O(1{t = k} x Z))%.

k£To

Taking FOC with respect to 6; for some [ # Ty we have that

=2 (Y — > Ou({t =k} x Z)1{t =1} Z; = 0

k£To
Z(f/z‘l —02)Z; =0,

i

as 1{t = k}1{t =1} = 1 if and only if k¥ = [. Hence, the SIV event study estimator is given by
-1
0, = <Z ZE) > Zivy.
i i
Similarly to the SIV estimator for 8, we can decompose the event study estimator as follows
—1 -1
61 =6, + (Z Z?) > ZifiiFi + (Z ZE) > Zifa. (A-8)

In what follows, we prove a consistency result (Theorem A.2) and asymptotic normality result
(Theorem A.3) for the event study estimator under the similar conditions as the results in the
main text (Theorem 2 and Theorem 4). The main difference is that our results for the event study
estimator require the number of units J and pre-treatment periods Ty to grow to infinity, whether

the results in the main text are valid for fixed J.

Theorem A.2 (Event study estimates consistency). Under Assumption 5 and the additional as-

J

T0—>0

sumptions of Theorem 2, it follows that as J — 0o and 7161

91—)01

forte{l,.... Ty —1,To+1,...,T}.
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Proof. Start by considering the terms in A.8 that involve €;. Under Assumption 3 and Z; | €; it
follows by Lemma A.1 for ¢ = [ that as J — oo

1 -
ISz Bo
A

Next, we consider the term involving fi;F;. Observe that under Assumption 5 we have that for
t<Tp
Vie = [i;Fy + &,

so we proceed as in the proof of Theorem 1 by projecting out the common factors and applying

the triangle inequality.

Z Zifi; Fy
i

> ZiF{(Fr,Fr,) " Fr, (Y, — &)
i

< Z |ZiF1l,(FToFC{“O)_1FT0€i| + Z |ZZ'FZI(FT0F7,“O)_1FTOY/;TO|
- -

(2

<(1+40)ec: (Z |F{(Fr,F,) " Fry&| + ) |ﬂ'(FToF%0)_1FTOﬁTO|> :
% A

Applying the bounds from the proof of Theorem 1 we have that

1 - P2
7 > E[|F (Pr,Fr,) " Pry(eim, — € iywi)|] < 2(1+ C) <§> 7,7

and for the term involving Y we get that
1 _ - F2k 1 -
jZE’Fg(FToFYI“O) PR,V < <n> E IT, > Vil
i i,t<Tp

Given that the bounds depend on the same objects as in the proof of Theorem 2, under the stable
rank Assumption 4, it follows that as J — oo and 71614/ Tio —0

15 -
= D Zifii Fi 5 0.
i

Applying Lemma A.2 for the t = [ case, it follows that %Zl ZZQ RN Qe > 0 under the same regime

as J — oo, which completes the consistency result. ]

Theorem A.3 (Asymptotic normality for event study estimates). Under Assumption 8, and the

additional assumptions of Theorem 2, conditional on weights w and instruments Z;, if 1/%0(1 +

A19



J)rig1 — 0 and fmaxl > jzi lwjil = 0, then as J — oo

VI (0, — 0r) q

v

= (Qe)™! x N(0,1).
where v3 = 33, var(Zi&; | Z,w) = Ly 02a2 and a; = Z; — >t Zjwj;.

Proof. We start by decomposing the estimator of interest

VI, -6 1«5
(lwl):<JZZi2> UJI\FZZQ Hi = Zw” wi | i

vy i 7
s (A.9)

-1
1 =9 1 > b5C¢;
+<J;Zi> v 2B\ 2

J#i

where (v4)? = 237, var(Zi& | Z,w). The consistency of the factor term follows from a similar

bounding argument as in the proof of Theorem 2. Given Assumption 3, we have that

1
IZm Pry,Fp)  Fr, Y| < T\F( ) D |Vl

4,t<Tp

<1 <F2k)\/JTF‘ (1+J)
E— g
SVAANE 0ro1

1
T0(1+J)

<

Given that under Assumption 5 as J — oo we have that & 72 Z2 = Q. > 0, it follows that the
first term in A.9 is 0,(1) when 1/%0(1 + J)rio1 — 0 as Ty, J — oc.

We proceed by showing that the second term A.9 converges in distribution to a normal random

variable.

ZZﬁzl = ZZ €1 — waeﬂ

JFi

= Z 6zl Z Z; w]z
J#i
= Z €il 0,
A

where &; = ZZ- — z#i ijwji. As in the proof of Theorem 4, we show that the Lindeberg CLT
condition holds as J — oco. Let X;; = ¢;&;. Given Assumption 5, it follows that conditional on

Z and w, X;; is an i.i.d random variable with mean zero and variance o a2 Indeed, we have that
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E[Xy|Z,w] = &;E[eq|Z,w] = 0, and V(X;|Z, w) = Elegdi|Z, w] = &2Eley| Z, w] = &2o?. Next, let
s% =Y, var(XylZ,w) = o?||@||3 and consider the Lindeberg CLT condition for § > 0 conditional

on Z and weights w.

]

= ZEX 1| Xal > 65,}] = 02||~||2 > El | "

H-

1
— 1{|exq| > 6
B[ Jeal >

2 max; |az|

Under our assumptions we have that \/j max; |&;| — 0 as J — oco. Therefore, it suffices to show
that fs J converges to a constant to guarantee the Lindeberg condition, given that we assume
bounded fourth moments. A similar argument to the proof of Theorem 4 shows that with high
probability as J — oo )

el = Qe >

so by an application of of the continuous mapping theorem we have as J — o0,

S
max; |&|
The asymptotic normality result then follows by an application of Slutsky’s Theorem and the

Lindeberg CLT. O

Event study variance estimation The conditional variance v3 can be estimated directly
from the data using the plug-in estimator for idiosyncratic shock variance 62. In our applications,

we let the variance of the error term vary with [, and we estimate the variance as follows

~92 O—E,ZH&H%

where (}52,1 = ﬁ o €22l, where é?l is the residual for the event study regression for time period
parameter ¢;. Standard errors and asymptotically valid confidence intervals can be constructed
using this variance estimator under the same assumptions as Theorem A.3, if additionally E[e?l] < 00
for all I. In the event study figures, e.g. Figure 4, the 95% confidence intervals vary with time

because we use the time-varying variance estimator.

1.8. Projected and ensemble estimators

The bound for the projected estimator can be derived in the same way as for the SIV estimator

in the proof of Theorem 1. We give a sketch of the proof. The only difference for the projected
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estimator is that we now have that

7

/1{3 = (FTUFII’())ilFTO (?PIO - HRZRTO - 65)

Where the €§ denotes the projection into the instrument space Z;. Given that Z; L €; and €; is
mean zero, it will mean that with high probability the weights do not depend on the €; terms in
the pre-treatment period. Hence, removing the contribution of the J other units in the rate.

Under Assumptions 1-4, the same bounds apply for E %% Zi,tSTo D}]}; } + 0E [%TO Zi,tSTo |Rﬁ\]
for the projected estimator than for the SIV up to an additional constant depending on @ (from
the projection operator Z’(Z'Z)~'Z). This highlights that in cases in which the instrument does

not explain a lot of the variation in U then projecting into the instrument space makes matching
U harder.

Therefore, the projected SIV is also a consistent estimator of # under the same conditions as the

SIV. Hence, for any o € (0, 1) the ensemble estimator is consistent.

Aggregation estimator As an alternative to the projected estimator when Z;; does not follow
a factor structure, we consider an aggregation estimator that matches on the aggregated timeseries
in the pre-period. The Aggregation estimator is computed equivalently to the projected estimator

except that the synthetic control weigths are computed as follows

1. Let Q; = Zt<To Z;Y; for each i.

2. Match the aggregated values for each ¢
wf € argmingcps-1Qi — Q_;wl|?
3. Compute the aggregated TSLS estimator 84 using the w? weights.

In the appendix additional simulation section we provide results for the aggregation estimator and

show that it performs badly in settings in which the time series component is important.

1.9. Randomization Inference

An alternative to the permutation based test described in section 5 is a test based on randomization
inference in the spirit of Imbens and Rosenbaum (2005). Instead of considering the differences in
effects across time periods we now fix outcomes Y and consider different assignment distributions

for the instrument-treatment pairs (R, Z) across units. The intuition is that under a uniform
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assignment distribution of (R, Z) we should not see an effect on the outcome Y. We can construct

a permutation t-statistic and p-value using the following procedure.

1. In the pre-period compute the SC weights and generate the debiased quantities.
2. Define the set of permutations of the J units: P(J).

3. For a given permutation m € P(J), compute

-1
éﬂ' = (Z Zﬂ(i)tRW(i)t> Z Zﬂ(i)tffit’
it it
where we permute the individuals for Z and R but not Y.

4. p-value: .
p = —— P éﬂ' > ) 5
D=5 > P(bx > brsis))
weP(J)

where absolute values should be used for a two-sided test.

This test will be a valid test for the null Hy : @ = 0 under the assumption of exchangeability across
units of {;, €¢,nit. The reason why we do not implement this test for our main empirical example
is that we do not believe that p;, which is correlated with the distance share Z; is exchangeable
across units. It should also be noted that in general P(J) might be very large and in practice the

p-values should be computed by randomly sampling from P(.J).

1.10. Additional simulations

In this section, we consider the same simulation design as in section 6 but under different parameters.
In particular, we consider a setting with a weaker instrument and a smaller signal variance. Figure
A.1.1 replicates the first five panels of Figure 5 for a simulation design with parameters g =~ =1,
k=1,T=30,Ty=20,J =20,0.=0.5,k=05,0p)=0, =04 =1

Table A.1 replicates Table 1 for the simulation design of Figure A.1.1 and Table A.3 for the design
with Ty = 10. In all cases we find that the SIV estimator, projected SIV and ensemble estimator
outperform the OLS and TSLS estimators. Furthermore, the performance of the SIV whe the
number of pre-treatment periods is halved remains good. Table A.2 evaluates the coverage of the
95% confidence intervals for the synthetic IV using v;7, of the true parameter § = 1 for different
correlation settings and post-treatment periods. We find that in settings in which the OLS and
TSLS are unbiased the synthetic IV exhibits a slight over-coverage, in the well behaved settings with
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Figure A.1.1: Model comparison in simulations

Note: Panels (a)-(c) display kernel density plots for TWFE OLS, TWFE TSLS and the
synthetic IV. Panel (d) shows simulated event study estimates as in Figure 2 panel (d) with
95% confidence bands for p = p, = p, = 0.5. Simulations are done over 1000 iterations with
the following parameters: =~ =1, k=1,T =30, Ty = 20, J =20, 0. = 0.5, Kk = 0.5,
op=0,=04=1.
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(d) Event study estimates

A24



moderate noise and correlation the coverage is good, and in high correlation settings, as expected,

we report under-coverage.
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Table A.1: Simulations for different r = p = p, = p, and o-..

Mean
OLS (TWFE)  1.31
TSLS (TWFE) 1.26
SIV 1.02
projected SIV 0.92
Agg. SIV 1.23
SIV + projected 1.01
SIV + Agg. 1.03
SIZ Z 1.07
OLS (TWFE) 1.38
TSLS (TWFE) 1.26
SIV 1.03
projected SIV 0.90
Agg. SIV 1.22
SIV + projected 1.01
SIV + Agg. 1.04
SIZ Z 1.08
OLS (TWFE) 1.48
TSLS (TWFE) 1.26
SIV 1.05
projected SIV 0.87
Agg. SIV 1.22
SIV + projected 1.01
SIV 4+ Agg. 1.07
SIZ Z 1.10
OLS (TWFE) 1.63
TSLS (TWFE) 1.25
SIV 1.08
projected SIV 0.85
Agg. SIV 1.20
SIV + projected 1.01
SIV + Agg. 1.11
SIZ Z 1.13
OLS (TWFE) 1.83
TSLS (TWFE) 1.24
SIV 1.12
projected SIV 0.88
Agg. SIV 1.19
SIV + projected 1.05
SIV + Agg. 1.15
SIZ Z 1.16

r=0.5

Var

0.02
0.07
0.01
0.03
0.08
0.01
0.01
0.02

0.02
0.07
0.01
0.05
0.07
0.01
0.01
0.02

0.02
0.08
0.03
0.08
0.08
0.03
0.03
0.03

0.04
0.09
0.05
0.13
0.10
0.05
0.05
0.06

0.06
0.11
0.09
0.22
0.15
0.10
0.10
0.09

Bias

0.31
0.26
0.02
-0.08
0.23
0.01
0.03
0.07

0.38
0.26
0.03
-0.10
0.22
0.01
0.04
0.08

0.48
0.26
0.05
-0.13
0.22
0.01
0.07
0.10

0.63
0.25
0.08
-0.15
0.20
0.01
0.11
0.13

0.83
0.24
0.12
-0.12
0.19
0.05
0.15
0.16

MSE

0.11
0.13
0.01
0.04
0.13
0.01
0.01
0.02

0.16
0.14
0.01
0.06
0.12
0.01
0.02
0.03

0.26
0.14
0.03
0.09
0.12
0.03
0.03
0.04

0.43
0.15
0.05
0.15
0.14
0.05
0.06
0.07

0.75
0.17
0.11
0.24
0.19
0.10
0.12
0.12

Mean

1.50
1.51
1.05
0.95
1.46
1.03
1.07
1.15

1.60
1.50
1.07
0.94
1.47
1.03
1.10
1.19

1.74
1.50
1.12
0.93
1.46
1.06
1.16
1.24

1.95
1.49
1.19
0.95
1.45
1.10
1.24
1.30

2.24
1.49
1.27
.01
A2%.43
1.18

1.32
1.36

r=0.7
Var
.= 0.5
0.02 0.50
0.08 0.51
0.02 0.05
0.04 -0.05
0.08 0.46
0.02 0.03
0.02 0.07
0.03 0.15
o.=1
0.02 0.60
0.08 0.50
0.03 0.07
0.06 -0.06
0.08 0.47
0.03 0.03
0.03 0.10
0.03 0.19
O, = 2
0.03 0.74
0.09 0.50
0.04 0.12
0.10 -0.07
0.09 0.46
0.05 0.06
0.05 0.16
0.05 0.24
o.=4
0.04 0.95
0.11 0.49
0.07 0.19
0.15 -0.05
0.11 0.45
0.08 0.10
0.07 0.24
0.07 0.30
. =8
0.08 1.24
0.13 0.49
0.12 0.27
0.24 0.01
0.15 0.43
0.13 0.18
0.12 0.32
0.11 0.36

0.27
0.34
0.02
0.05
0.29
0.02
0.02
0.05

0.38
0.34
0.03
0.07
0.30
0.03
0.04
0.07

0.58
0.34
0.06
0.10
0.30
0.05
0.07
0.10

0.94
0.35
0.11
0.15
0.31
0.09
0.13
0.16

1.61
0.37
0.19
0.24
0.34
0.17
0.23
0.24

Bias MSE Mean

1.73
1.83
1.19
1.11
1.80
1.15
1.21
1.43

1.86
1.82
1.26
1.14
1.80
1.21
1.30
1.50

2.05
1.82
1.37
1.21
1.80
1.29
1.43
1.58

2.31
1.81
1.49
1.30
1.79
1.41
1.56
1.65

2.68
1.80
1.61
1.42
1.78
1.53
1.66
1.71

r=0.9

Var

0.01
0.06
0.04
0.07
0.04
0.04
0.04
0.03

0.02
0.06
0.05
0.08
0.04
0.05
0.05
0.03

0.02
0.07
0.07
0.10
0.05
0.08
0.07
0.04

0.04
0.08
0.10
0.15
0.07
0.11
0.09
0.06

0.09
0.11
0.13
0.25
0.11
0.16
0.11
0.09

Bias

0.73
0.83
0.19
0.11
0.80
0.15
0.21
0.43

0.86
0.82
0.26
0.14
0.80
0.21
0.30
0.50

1.05
0.82
0.37
0.21
0.80
0.29
0.43
0.58

1.31
0.81
0.49
0.30
0.79
0.41
0.56
0.65

1.68
0.80
0.61
0.42
0.78
0.53
0.66
0.71

MSE

0.55
0.74
0.07
0.08
0.68
0.06
0.08
0.21

0.76
0.74
0.12
0.10
0.69
0.10
0.14
0.28

1.12
0.74
0.21
0.15
0.68
0.16
0.26
0.38

1.75
0.74
0.34
0.24
0.69
0.28
0.40
0.48

291
0.76
0.50
0.42
0.72
0.44
0.55
0.59



Table A.2: Ty =20,J =20,0. =0.5,0, =1, 0pther = 0.5,k = 0.5.

Coverage o = 0.05
T=30 T=40 T=50

p=rps=p.=00 00981 0962 0.952
p=p,=p.=03 0976 0944 0.96
p=p,=p.=05 0960 0.945 0.923
p=rp,=p.=07 0904 0.808 0.792
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OLS (TWFE)
TSLS (TWFE)
SIV

projected SIV
Agg. SIV

SIV + projected
SIV + Agg.

SIZ Z

OLS (TWFE)
TSLS (TWFE)
SIV

projected SIV
Agg. SIV

SIV + projected
SIV + Agg.

SIZ Z

OLS (TWFE)
TSLS (TWFE)
SIV

projected SIV
Agg. SIV

SIV + projected
SIV 4+ Agg.

SIZ Z

OLS (TWFE)
TSLS (TWFE)
SIV

projected SIV
Agg. SIV

SIV + projected
SIV + Agg.

SIZ 7

OLS (TWFE)
TSLS (TWFE)
SIV

projected SIV
Agg. SIV

SIV + projected
SIV + Agg.

SIZ Z

Mean

1.29
1.23
1.01
0.93
1.23
0.94
1.23
1.05

1.36
1.22
1.02
0.93
1.24
0.93
1.24
1.06

1.47
1.22
1.04
0.93
1.25
0.93
1.24
1.08

1.62
1.21
1.06
0.94
1.24
0.95
1.24
1.11

1.82
1.20
1.08
0.96
1.22
0.97
1.22
1.13

Table A.3: Simulations for Ty = 10

r=0.5
Bias MSE Mean

Var

0.02
0.05
0.01
0.04
0.06
0.04
0.06
0.02

0.02
0.06
0.02
0.05
0.06
0.05
0.06
0.02

0.02
0.06
0.03
0.08
0.08
0.08
0.07
0.03

0.04
0.08
0.05
0.13
0.09
0.13
0.09
0.05

0.06
0.11
0.09
0.20
0.13
0.19
0.13
0.07

0.29 0.10
0.23 0.11
0.01 0.01
-0.07 0.04
0.23 0.12
-0.06 0.04
0.23 0.12
0.05 0.02

0.36 0.15
0.22 0.11
0.02 0.02
-0.07 0.06
0.24 0.12
-0.07 0.06
0.24 0.12
0.06 0.03

0.47 0.24
0.22 0.11
0.04 0.03
-0.07 0.08
0.25 0.14
-0.07 0.08
0.24 0.13
0.08 0.04

0.62 0.42
0.21 0.12
0.06 0.06
-0.06 0.14
0.24 0.15
-0.05 0.13
0.24 0.15
0.11 0.06

0.82 0.74
0.20 0.15
0.08 0.10
-0.04 0.20
0.22 0.18
-0.03 0.19
0.22 0.17
0.13 0.09
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1.48
1.46
1.07
0.99
1.47
0.99
1.47
1.16

1.59
1.46
1.11
1.00
1.47
1.00
1.47
1.21

1.73
1.46
1.17
1.03
1.47
1.04
1.47
1.26

1.94
1.45
1.23
1.08
1.46
1.08
1.46
1.32

2.23
1.44
1.29
1.15
1.46
1.15
1.46
1.36

r=0.7
Var Bias
o=0.5
0.02 0.48
0.07 0.46
0.02 0.07
0.05 -0.01
0.07 0.47
0.05 -0.01
0.07 0.47
0.03 0.16
c=1
0.02 0.59
0.07 0.46
0.03 0.11
0.07 0.00
0.07 0.47
0.07 0.00
0.07 0.47
0.03 0.21
og=2
0.02 0.73
0.08 0.46
0.05 0.17
0.10 0.03
0.09 0.47
0.09 0.04
0.09 0.47
0.04 0.26
oc=4
0.04 0.94
0.09 0.45
0.07 0.23
0.15 0.08
0.12 0.46
0.15 0.08
0.12 0.46
0.05 0.32
oc=238
0.07 1.23
0.12 0.44
0.11  0.29
0.22 0.15
0.16 0.46
0.22 0.15
0.16 0.46
0.08 0.36

MSE

0.25
0.29
0.02
0.05
0.30
0.05
0.29
0.05

0.36
0.29
0.04
0.07
0.29
0.07
0.29
0.07

0.56
0.29
0.07
0.10
0.31
0.10
0.31
0.11

0.92
0.29
0.12
0.15
0.34
0.15
0.33
0.16

1.58
0.31
0.19
0.24
0.37
0.24
0.37
0.21

Mean

1.71
1.78
1.25
1.24
1.79
1.24
1.79
1.49

1.84
1.78
1.35
0.66
1.80
0.67
1.79
1.56

2.03
1.78
1.47
1.34
1.80
1.34
1.80
1.62

2.30
1.77
1.58
1.46
1.80
1.46
1.80
1.68

2.67
1.77
1.66
1.55
1.79
1.55
1.79
1.73

r=0.9

Var

0.01
0.06
0.04
0.36
0.05
0.35
0.05
0.03

0.01
0.06
0.05
44.22
0.05
43.34
0.05
0.03

0.02
0.06
0.06
0.13
0.05
0.13
0.05
0.04

0.03
0.07
0.08
0.15
0.06
0.15
0.06
0.05

0.07
0.09
0.11
0.23
0.09
0.22
0.09
0.06

Bias

0.71
0.78
0.25
0.24
0.79
0.24
0.79
0.49

0.84
0.78
0.35
-0.34
0.80
-0.33
0.79
0.56

1.03
0.78
0.47
0.34
0.80
0.34
0.80
0.62

1.30
0.77
0.58
0.46
0.80
0.46
0.80
0.68

1.67
0.77
0.66
0.55
0.79
0.55
0.79
0.73

MSE

0.52
0.68
0.10
0.41
0.68
0.41
0.67
0.27

0.73
0.67
0.17
44.29
0.69
43.40
0.68
0.34

1.08
0.67
0.28
0.25
0.70
0.25
0.69
0.43

1.72
0.67
0.42
0.35
0.70
0.35
0.70
0.51

2.87
0.68
0.55
0.52
0.72
0.52
0.72
0.60



1.10.1. Simulations with comparison to factor model estimation

A natural question given our linear factor model design is how does the SIV compare to methods
that estimate the factor structure directly. This question is one that applies not only to our setting,
but to any SC design in which a linear factor model is used to derive statistical properties for the
method. Imbens and Viviano (2023) highlight a similar comparison and note that: “Two main dif-
ferences from properties of least squares estimators as in Bai (2009) is that Synthetic Control does
not require a (i) low-rank assumption on the factors, but only a low-rank assumption on the endoge-
nous factors; (ii) it does not require to specify or estimate the number of (endogenous) factors.”
Intuitively, there might be advantages in using SCs, as the method provides useful regularization
through the /1-norm or simplex constraint, and is less dependent on an exact low-rank represen-
tation. Furthermore, relative to Bai (2009) which require both the number of periods and units
to be large, our consistency result requires that Ty and JT' are large, meaning that our method is
valid for either fixed J or fixed T. These rate differences and regularization advantages are likely

to translate into better finite sample performance, especially in settings with moderate rank.

It is also an open question what are the statistical properties of using plug-in factor model estimates
in our setting. Panel data approaches for treatment effect estimation with factor model plug-ins,
such as the one described by Li and Sonnier (2023), rely on the existence of a donor pool of
never-treated units for the consistent estimation of the common factors F; in the post-treatment
period (t > Tp). In our setting, because all units are treated in the post-treatment period an
alternative procedure needs to be used. We propose the following procedure that exploits the pre-
treatment period to consistently estimate the factor loadings using PCA/SVD and jointly estimate

the common factor and 6; parameters in an iterative procedure as proposed in Bai (2009).

1. For t < Ty we estimate p; by truncated SVD: Let YOT’ denote the J x T matrix of pre-
treatment outcomes for the case in which R; = 0 for ¢ < T, such that Yy = p,Fy + €;.

Then, we estimate the factor loadings as i = U*S* for estimates of the k—truncated SVD
Yi'=USV'.

2. For t > Ty we estimate F' and @ jointly by iteratively solving for 6 by ordinary least squares

and for F' by PCA. We iterate until convergence the following two equations
fors(F) = (R MzR)""R' MY,

where Mp is the residual maker matrix for the estimated common factors F, and from the
estimates of the k-truncated SVD of Y = Y[’ — ORT’ the common factors are given by
F=Vk
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Figure A.1.2: Simulation of finite sample correlations.
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(b) Empirical average RZ vs. RZ.
Notes: Panel (a) shows the distribution of % Dot U Zi and ﬁ Dot Ut Ziy across 1000 simulations. Panel

(b) shows the distribution of J%th Ryt Zi and ‘%T Dot R;1Zi; across 1000 simulations. The simulation
design is that of Figure A.1.1 with parameters p = p, = p, = 0.5 as in .
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3. Given the estimated ﬂ;ﬁ’t we compute the IV-PCA estimator éIV,pCA as the standard TSLS

with covariates (i.e. with ,&;Ft projected out).

We compare the different methods under the simulation design calibrated to the Syrian example
as in Table 1. While in the main text we considered different noise levels, here we focus on designs
with different numbers of factors k£ and different correlations between the instrument Z; and the
factor structure ) F;. Table A.4 displays the results of the simulations. We find that the IV-PCA
estimator performs well in the low-rank case k = 1, in which it has a similar MSE to the SIV, while
exhibiting a somewhat larger bias. However, as we increase the number of factors to k = 2,3 and
5, we find that IV-PCA performs significantly worse. The SIV exhibits negligible finite sample bias
in medium correlation settings, and even in the k = 5 case, the estimator is significantly less biased
than the TSLS, this is not true for the IV-PCA. As we increase k the estimator becomes more and

more biased, reaching similar levels to the TSLS for £ = 5.

These results highlight the same phenomenon shown in the simulations of Imbens and Viviano
(2023), in which the PCA based estimator has significantly larger finite sample bias than the
SC estimator when the number of endogenous factors is large (in our case all of the factors are

endogenous).

A.2. Data

Turkish Statistical Institute (Turkstat) defines employment under four categories: wage-employment
(60.7%), self-employment (20.3%), unpaid family worker (13.2%) and employer (5.6%). Wage-
employment, or salaried employment, refers to the type of jobs that are done as an exchange for
monetary or non-monetary payment. Both fixed and hourly pay are considered wage-employment
under this category. The reason why we focus on salaried employment as opposed to overall
employment for the empirical section of the paper is that, as suggested by Gulek (2023), wage
employment and non-wage employment (self-employment, employer, or unpaid family work) are
driven by different economic forces. Whereas there has to be an employer willing to hire a worker
for a particular wage for that worker to have a salaried job (i.e, we can think about a labor demand
curve), self-employment is an individual labor-supply decision. Natives who lose their salaried jobs
due to the labor supply shock may choose to search for a salaried job while remaining unemployed,
or if self-employment is a feasible alternative, may choose to remain employed. Gulek (2023) shows
that transition from salaried to non-salaried jobs is an important adjustment mechanism for Turk-
ish men but not so for Turkish women. Whereas he finds similar effects for men and women in
salaried employment, he finds opposing results for non-salaried employment. He further argues
that the canonical labor demand framework is more appropriate to think about wage employment

(as opposed to non-wage employment) in settings where self-employment is a feasible alternative.
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Table A.4: Simulations comparing SIV and IV-PCA. Design calibrated to the Syrian exam-
ple, for different correlations p = p, = p, = r and number of factors &.

r=0.5 r=0.7 r=0.9
Mean Var Bias MSE Mean Var Bias MSE Mean Var Bias MSE
k=1

OLS (TWFE) 0.007 0.018 0.167 0.046 0.125 0.025 0.285 0.106 0.274 0.023 0.434 0.211
TSLS (TWFE) -0.051 0.026 0.109 0.038  0.053 0.036 0.213 0.081  0.193 0.031 0.353 0.155

SIV -0.151 0.005 0.009 0.005 -0.134 0.007 0.026 0.008 -0.062 0.016 0.098 0.025
IV-PCA -0.140 0.003 0.020 0.003 -0.113 0.005 0.047 0.007 -0.012 0.021 0.148 0.043
k=2

OLS (TWFE) -0.028 0.011 0.132 0.028 0.084 0.014 0.244 0.073  0.230 0.012 0.390 0.164
TSLS (TWFE) -0.053 0.012 0.107 0.023  0.053 0.015 0.213 0.061  0.196 0.013 0.356 0.139

SIV -0.144 0.002 0.016 0.002 -0.116 0.003 0.044 0.005 -0.019 0.006 0.141 0.026
IV-PCA -0.081 0.008 0.079 0.014 0.016 0.012 0.176 0.043 0.168 0.010 0.328 0.118
k=3

OLS (TWFE) -0.043 0.008 0.117 0.022  0.065 0.010 0.225 0.061  0.210 0.008 0.370 0.145
TSLS (TWFE) -0.059 0.009 0.101 0.019  0.046 0.011 0.206 0.053  0.188 0.009 0.348 0.130

SIV -0.141 0.002 0.019 0.002 -0.105 0.002 0.055 0.006  0.017 0.005 0.177 0.036
IV-PCA -0.071 0.007 0.089 0.015 0.031 0.008 0.191 0.044 0.190 0.006 0.350 0.128
k=5

OLS (TWFE) -0.044 0.006 0.116 0.019  0.065 0.007 0.225 0.057  0.209 0.005 0.369 0.141
TSLS (TWFE) -0.052 0.006 0.108 0.017  0.054 0.007 0.214 0.053  0.196 0.006 0.356 0.133
SIV -0.124 0.002 0.036 0.003 -0.070 0.003 0.090 0.011  0.075 0.004 0.235 0.059
IV-PCA -0.057 0.005 0.103 0.015 0.047 0.006 0.207 0.048 0.197 0.003 0.357 0.131
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Table B.5: Educational Attainment of Syrian refugees and Natives

Educational Attainment Syrian migrants (age 184) Natives (Age: 18-64)

No degree 0.21 0.12
Primary school 0.42 0.33
Secondary school 0.20 0.16
High school 0.10 0.20
Some college and above 0.08 0.19

Source: Author’s calculation using 2019 Household Labor Force Survey for natives, and
Turkish Red Crescent and WEP (2019) for the Syrian refugees.

In the main text, we write that Syrian refugees are less educated than the Turkish natives. We show
evidence for this on Table B.5. We use Turkish Household Labor force Surveys to determine the
educational attainment of natives, and use livelihood surveys that are conducted on Syrian refugees
to determine their educational attainment. According to these surveys, 21% of Syrian refugees in
Turkey do not have any degree, 63% have at most a primary school degree, and 83% do not have

a high school diploma, whereas these numbers are 12%, 45%, and 61%, respectively for natives.

Figure A.2.3: Additional examples of IV vs SIV
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Notes: This Figure replicates Figure 4 with an additional panel for formal women salaried employment.
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A.3. Replication of Autor et al. (2013)

Table C.6: Replication of Table 3 in Autor et al. (2013)

(1)

1990-2007 stacked first differences

(2)

(3)

(4)

(5)

(6)

v -0.75 -0.61 -0.54 -0.51 -0.56 -0.60
(0.07) (0.09) (0.09) (0.08) (0.10) (0.10)
SIV -0.70 -0.59 -0.51 -0.50 -0.61 -0.63
(0.07) (0.10) (0.10) (0.09) (0.112) (0.10)
Controls
Percentage of employment in
. No Yes Yes Yes Yes Yes
manufacturing t-1
Percentage of college-educated
. No No No Yes No Yes
population t-1
Percentage of foreign-born
. No No No Yes No Yes
population t-1
Percentage of employment
No No No Yes No Yes
among women t-1
Percentage of employment in
. . No No No No Yes Yes
routine occupations t-1
Average offshorability index of
. No No No No Yes Yes
occupations t-1
Census division dummies No No Yes Yes Yes Yes

Notes: The first row replicates columns 1-6 of Table 3 in ADH 2013. Row 2 shows SIV estimates. The SC
weights are estimated using the manufacturing growth rates in 1970 and 1980. Dependent variable: 10 x
annual change in manufacturing emp/working-age pop (in % pts). N = 1,444 (722 commuting zones X 2 time
periods). All regressions include a constant and a dummy for the 20002007 period. Routine occupations
are defined such that they account for 1/3 of US employment in 1980. The offshorability index variable is
standardized to mean of 0 and standard deviation of 10 in 1980. Robust standard errors in parentheses are

clustered on state. Models are weighted by start of period CZ share of national population.

A.4. Additional figure for rank effects
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Figure A.3.4: Reduced-form estimates using the 1990 and 2000 shares
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Table C.7: Replication of table 2 in Autor et al. (2013)

1990-2000 2000-2007 1990-2007
(1) (2) (3)
25LS -0.888 -0.718 -0.746
(0.181)  (0.064)  (0.068)

SIvV -0.588 -0.726 -0.703
(0.198) (0.070) (0.067)

SIV-trim20 -0.752 -0.763 -0.761
(0.178) (0.104) (0.096)

SIV-trim30 -0.784 -0.769 -0.772
(0.177) (0.102) (0.089)

SIV-trim50 -0.874 -0.807 -0.819
(0.172)  (0.081)  (0.078)

SIV-trim100 -0.937 -0.769 -0.801
(0.170) (0.067) (0.069)

Notes: The first row replicates columns 1-3 of Table
2 in ADH 2013. In rows 2-6, we apply SIV. The SC
weights are estimated using the manufacturing growth
rates in 1970 and 1980. Rows 3, 4, 5, and 6 show the
SIV with the donor pool trimmed to the 20, 30, 50, an
100 closest closest units to the treated unit according
to the Euclidean distance, respectively.
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Table C.8: Replication of table 3 in Autor et al. (2013)

(1)

1990-2007 stacked first differences

(2)

(3)

(4)

(5)

(6)

v -0.75 -0.61 -0.54 -0.51 -0.56 -0.60
(0.07) (0.09) (0.09) (0.08) (0.10) (0.10)
SIV -0.70 -0.59 -0.51 -0.50 -0.61 -0.63
(0.07) (0.10) (0.10) (0.09) (0.11) (0.10)
SIV-trim20 -0.76 -0.67 -0.58 -0.57 -0.65 -0.65
(0.10) (0.10) (0.07) (0.08) (0.08) (0.07)
SIV-trim30 -0.77 -0.66 -0.54 -0.53 -0.59 -0.61
(0.09) (0.09) (0.07) (0.07) (0.07) (0.07)
SIV-trim50 -0.82 -0.74 -0.63 -0.62 -0.68 -0.70
(0.08) (0.09) (0.08) (0.08) (0.09) (0.09)
SIV-trim100 -0.80 -0.73 -0.63 -0.62 -0.67 -0.69
(0.07) (0.09) (0.08) (0.08) (0.08) (0.08)
Controls
Percentage of employment in
. No Yes Yes Yes Yes Yes
manufacturing t-1
Percentage of college-educated
. No No No Yes No Yes
population t-1
Percentage of foreign-born
. No No No Yes No Yes
population t-1
Percentage of employment
No No No Yes No Yes
among women t-1
Percentage of employment in
. . No No No No Yes Yes
routine occupations t-1
Average offshorability index of
. No No No No Yes Yes
occupations t-1
Census division dummies No No Yes Yes Yes Yes

Notes: The first row replicates columns 1-6 of Table 3 in ADH 2013. Row 2 shows SIV estimates. The SC
weights are estimated using the manufacturing growth rates in 1970 and 1980. Dependent variable: 10 x
annual change in manufacturing emp/working-age pop (in % pts). N = 1,444 (722 commuting zones X 2 time
periods). All regressions include a constant and a dummy for the 20002007 period. Routine occupations
are defined such that they account for 1/3 of US employment in 1980. The offshorability index variable is
standardized to mean of 0 and standard deviation of 10 in 1980. Robust standard errors in parentheses are
clustered on state. Models are weighted by start of period CZ share of national population. Rows 3, 4, 5,
and 6 show the SIV with the donor pool trimmed to the 20, 30, 50, an 100 closest closest units to the treated

unit according to the Euclidean distance, respectivaﬁf?)?



Figure A.4.5: First stage and SIV fit.
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Notes: Panel (a) shows the first stage regression estimates of log number of orders on RE with week and
store fixed effects. Panel (b) plots Y;; (debiased log number of orders) for each producer, where we keep the
70 producers with best fit.
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